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Abstract. Stochastic Uni�cation-Based Grammars combine knowledge-
rich and data-rich approaches to natural language processing.This pro-
vides a rich structure to the learning and parsing (decoding) tasks that
can be described with undirected graphical models. While most work to
date has treated parsing as a straight-forw ard multi-class classi�cation
problem, we are beginning to seehow this structure can be exploited in
learning and parsing. Exploiting this structure is lik ely to becomemore
important as the research focus moves from parsing to more realistic
tasks such as machine translation and summarization.

1 In tro duction

This paper summarizesrecent research into Stochastic Uni�cation-Based Gram-
mars (SUBGs), which attempt to combine linguistic insights expressedby gram-
mars with modern machine-learning techniques. So far most work has focused
on parsing, i.e., identifying the syntactic and semantic structure of sentences,
and this paper focuseson this application. But the communit y is beginning to
investigate applications of these techniques such as automatic summarization
[1] and machine translation, which are more challenging and present interesting
opportunities for machine learning.

A parse consistsof a string of words, called its yield, together with its syn-
tactic structure and/or semantics. A syntactic structure describes how words
are organizedinto phrasesand clauses,while the semantics is the meaning of a
sentence. While trees are most commonly usedto represent syntactic structure,
the linguistic theories discussedin this paper useboth trees and attribute-v alue
structures to represent the syntactic and semantic properties of a sentence.Even
though modern linguistics hasbeeninvestigating syntax and semantics sincethe
mid-1950sand before, there are still large gapsin our knowledgeof English and
other languages,and considerabledispute over exactly what the structure of
particular sentencesactually is.

The parsing problem is to identify the parse of a sentence intended by its
speaker or author. Undoubtedly this depends on a wide variety of factors, in-
cluding the discoursecontext and world knowledge,but most work on statistical
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parsing ignore these.Not surprisingly, ambiguit y is a pervasive problem in pars-
ing: many di�eren t parseshave the sameyield (e.g., considersentencessuch as
\I saw the man with the T.V."). Currently statistical and machine-learning ap-
proaches provide the most systematic way to identify the most likely intended
parse.

The basic assumption behind the work described here is that linguists have
identi�ed reasonably well the general principles that determine the possible
structures of a language,but they have not identi�ed a satisfactory method for
disambiguating sentences,so this must be inferred from training data. By con-
trast, most work on statistical parsing seemsto assumethat linguists can only
accurately determine the structures of particular sentences (speci�cally , those
in the treebank training data), and only incorporates much weaker linguistic
assumptions[2,3].

SUBGsde�ne probabilit y distributions over the parsesde�ned by Uni�cation-
BasedGrammars (UBGs). Thesegrammarscan incorporate virtually all kinds of
linguistically important constraints. There are several di�eren t kinds of UBGs,
including Head-Driven Phrase-Structure Grammar (HPSG) [4,5] and Lexical-
Functional Grammar (LFG) [6,7]. This paper usesLFG, but the approach is
generaland can be usedwith virtually any UBG. Section 2 describesLFG rep-
resentations in somemore detail, and section 4 explains how probabilit y distri-
butions are de�ned over thesestructures.

We choseLFG becausetwo decadesof work have producedin broad-coverage
grammars [8] and well-developed non-statistical parsing technology [9,10]. In
particular, there areparsingalgorithms that produce\packed" representations of
a set of parseswhich can often �nd an exponential number of di�eren t parsesfor
a sentencein polynomial time and represent them in polynomial space.Section5
outlines dynamic programming algorithms for estimating statistical models and
identifying the most probable parse from the set of parsesencoded by a packed
representation.

The notation usedin this paper is as follows. Variables are written in upper
caseitalic, e.g., X ; Y , etc., the sets they range over are written in script, e.g.,
X ; Y, etc., while speci�c valuesare written in lower caseitalic, e.g., x; y, etc. In
the caseof vector-valued entities, subscripts indicate particular components.

2 Lexical-F unctional Grammar

An LFG parsedescribesthe di�eren t aspects of a sentence'ssyntactic structure
and semantics using several di�eren t structures; for simplicit y we only discuss
two of thesehere.The constituent or c-structure of a parseis a tree that describes
how words and phrasescombine to form larger syntactic units. The functional
or f-structure is a particular kind of directed graph known as an attribute-v alue
structure that identi�es the function-argument dependenciesof the parse.

Figure 1 depicts the c-structure and f-structure for the sentence\Alex promised
Sashato leave". The fact that the single phrase\Alex" �lls two functional roles
in this sentence(it is the subject of \promise" aswell asthe subject of \leave") is
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Fig. 1. The c-structure and f-structure for \Alex promised Sashato leave".

not represented in the c-structure tree, but it is represented by the re-entrancy in
the f-structure (which is depicted by co-indexation in the �gure). LFG parsesuse
similar f-structure re-entrancies to encode long-distancedependenciesin phrases
such as\Sam bought the program that Alex wants to use", where\the program"
is both the object of \b ought" and of \use".

The preciseway in which grammars specify how strings are associated with
parsesdi�ers in di�eren t kinds of UBGs, and is not important for what follows.
Let 
 be the set of parsesfor the sentencesof a language,and for each parse
! 2 
 let Y (! ) be its yield. If y is a string then 
 (y) = f ! 2 
 jY (! ) = yg is
the set of parseswith yield y. We require that 
 (y) be a �nite for all y; this is
almost always true of (bug-free) UBGs. For our LFGs j
 (y)j rangesfrom oneto
the hundreds of thousands.

It important for the dynamic programming algorithms described below that
each parse! consistof a �nite set of parsefragments.1 Preciselywhat a fragment
is is unimportant, but typically fragments are units directly or indirectly de�ned
by the grammar (e.g., chart edges,local trees, attribute-v alue pairs, etc.) out
of which parsesare constructed. For example, in Figure 1 one fragment might
consistsof all of the information associated with the word \Alex", i.e., the np
c-structure node and the f-structure node with the index \1". This fragment
would also appear in other parsescontaining the word \Alex". This sharing of
fragments is key to the dynamic programming algorithms described below. If y
is a string let F (y) =

S
! 2 
 (y ) f f 2 ! g be the set of fragments appearing in any

parseof y. F (y) is �nite since
 (y) and each ! 2 
 (y) are �nite.

3 Maxw ell-Kaplan packed parse represen tations

As mentioned earlier, ambiguit y is a pervasive problem in parsing, and much of
the work on parsingover the past several decadeshasfocusedon methods for e�-

1 Fragments were called \features" in [11], but we use the word \fragmen t" here to
avoid confusion with the machine learning use of the word \feature".
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ciently �nding and compactly representing the parsesof a sentence.Maxwell and
Kaplan [9,10] developed a dynamic programming framework for UBG parsing
that seemsto bemoregeneralthan other approaches.The dynamic programming
algorithms described below take the packed representations produced by their
parsing algorithm as input, so we describe them here. The intuition motivating
the Maxwell-Kaplan packed representations is that for most strings y, many of
the fragments in F (y) occur in many of the parses
 (y). This is often the case
in natural language,sincethe samesubstructure can appear as a component of
many di�eren t parses.

Maxwell-Kaplan packed representations are de�ned in terms of conditions
on the valuesassignedto a vector of auxiliary variables X . Thesevariables have
no direct linguistic interpretation; rather, each di�eren t assignment of valuesto
these variables identi�es a set of fragments which constitutes one of the parses
represented by the packed representation. A condition on X is a function from X
(the rangeof X ) to f 0; 1g. While for uniformit y we write conditions as functions
on the entire vector X , in practice the Maxwell-Kaplan parsingalgorithm usually
producesconditions whosevalue depends only on a few of the variables in X ,
and the e�ciency of the algorithms described here dependson this.

A packed representationof a �nite setof parsesis a quadrupleR = (F 0; X ; N ; � ),
where:

{ F 0 � F (y) is a �nite set of fragments,
{ X is a �nite vector of variables, whereeach variable X ` rangesover the �nite

set X` ,
{ N is a �nite set of conditions on X called the no-goods,2 and
{ � is a function that maps each fragment f 2 F 0 to a condition � f on X .

A vector of values x satis�es the no-goods N i� N (x) = 1, where N (x) =Q
� 2 N � (x). Each x that satis�es the no-goods identi�es a parse ! (x) = f f 2

F 0j � f (x) = 1g, i.e., ! is the set of features whose conditions are satis�ed by
x. We require that each parse be identi�ed by a unique value satisfying the
no-goods. That is, we require that:

8x; x0 2 X if N (x) = N (x0) = 1 and ! (x) = ! (x0) then x = x0 (1)

A packed representation R representsthe set of parses
 (R) that are identi�ed
by values that satisfy the no-goods, i.e., 
 (R) = f ! (x)jx 2 X ; N (x) = 1g:

Maxwell and Kaplan describea parsingalgorithm for uni�cation-based gram-
mars that takesas input a string y and returns a packed representation R such
that 
 (R) = 
 (y), i.e., R represents the set of parsesof the string y. The SUBG
parsing and estimation algorithms described hereusethe Maxwell-Kaplan pars-
ing algorithm as a subroutine.

2 The name \no-go od" comesfrom the TMS literature, and was used by Maxwell and
Kaplan. However, here the no-goods actually identify the good variable assignments.
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Fig. 2. A depiction of a packed parse forest encoding possible parses of \Sam saw a
man with a T.V. driving a car".

Example. Figure 2 depicts in extremely schematic form a packed parse repre-
sentation for the sentence \Sam saw a man with a T.V. driving a car". This ad-
mittedly rather contriv ed sentence contains two interacting ambiguities.3 First,
\with a T.V." can either modify \saw" or \a man" (i.e., either Sam used the
T.V., or the man had the T.V.). The boolean variable X 1 encodeswhich phrase
\with a T.V." modi�es.

Second,\driving a car" can also either modify \saw" or \a man" (either the
seeingwasdonewhile driving, or elsethe man wasdriving a car; the semantically
implausible reading where the T.V. was driving a car is not represented). The
boolean variable X 2 encodeswhich phrase\driving a car" modi�es.

Many linguists would claim that not all combinations of these ambiguities
are possible.Speci�cally , if \with a T.V." modi�es \saw" then \driving a car"
cannot modify \a man", since that would result in a crossingdependencyof a
kind not found in English. This constraint is encoded by the no-good : X 1 _ X 2.

Supposethat � A is the parse fragment for the phrase \Sam saw", � B is the
fragment for \a man", � C for \with a T.V." and � D for \driving a car". Let � C A be
the parsefragment representing the attachment of � C to � A (i.e., the c-structure
and f-structure elements representing the attachment of \with a T.V." to \Sam
saw"), and let � C B , � D A , � D B be the other corresponding attachment fragments.
Then the following schematic packed representation encodesthe possibleparses:

F 0 = f � A ; � B ; � C ; � D ; � C A ; � C B ; � D A ; � D B g

X = (X 1; X 2)

N = f: X 1 _ X 2g

� (� C A ) = X 1; � (� C B ) = : X 1; � (� D A ) = X 2; � (� D B ) = : X 2;

� (� A ) = � (� B ) = � (� C ) = � (� D ) = 1:

In LFGs and similiar grammars the fragments containing lexical items (i.e.,
words) are usually very large, since these grammars typically contain a lot of

3 Interestingly, most of the ambiguities that cause so much trouble in parsing are
extremely di�cult for humans to detect.
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lexical information. Notice that the fragments � A ; : : : ; � D corresponding to the
phrasesin the sentenceoccur only oncein the packedrepresentation, rather than
appearingthree times, asthey would if the parseswereenumerated. In the packed
representation these fragments are associated with the constant condition 1,
which indicates that they all appear in every parse.Only the fragments required
to connect up thesephrasal fragments have non-constant conditions, indicating
that they are the only fragments that vary acrossthe parsesof this sentence.
Such structure sharing, especially of lexical information, is a goalof the Maxwell-
Kaplan approach.

4 Sto chastic Uni�cation-Based Grammars

SUBGs use exponential models (also known as log-linear or MaxEnt models
or Markov Random Fields) extend UBGs by de�ning probabilit y distributions
over the parsesof a UBG. Abney [12] proposed the use of exponential mod-
els for de�ning probabilit y distributions over the parsesof a UBG. Johnson et
al. [13]noted that calculating the partition function and the various expectations
required for estimation (seebelow) is computationally very expensive because
they require integrating over all parsesof all sentences.However, Johnsonet al.
pointed out that parsing and related tasks only require the conditional distri-
bution of parsesgiven their yields, and that theseconditional distributions are
much lesscomputationally demanding to estimate.

A SUBG is a triple (U;g; � ), where U is a uni�cation grammar that de�nes
a set 
 of parsesas described above, g = (g1; : : : ; gm ) is a vector of features,
and � = (� 1; : : : ; � m ) is a vector of non-negative real-valued parameters called
feature weights. A feature is a real-valued function of parses
 .4

If we are prepared to enumerate all of the parsesof the sentences in our
training and test data then features can be any real-valued function of parses
whatsoever. However, the dynamic programming algorithms described below
require the information encoded in features to be local with respect to the frag-
ments F of packed parserepresentations. Speci�cally , they require that features
be linear in terms of the fragments of parses,i.e., each fragment f 2 F is as-
sociated with a �nite vector of real values (g1(f ); : : : ; gm (f )) which de�ne the
feature functions for parsesas follows:

gk (! ) =
X

f 2 !

gk (f ); for k = 1: : : m: (2)

This requires features be very local with respect to fragments, which gives up
the abilit y to de�ne features arbitrarily . Note that we can encode essentially
arbitrary non-local information in the attributes of the underlying uni�cation
grammar and then de�ne features locally in terms of those attributes.

4 Features were called \prop erties" in [11,13] in order to avoid confusion with the
linguistic use of the word \feature".
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Wenow describehow SUBGsde�ne conditional probabilit y distributions over
parsesgiven yields. The conditional probabilit y P� (! jy) of a parse ! 2 
 (y)
given a yield y is:

P� (! jy) =
W� (! )
Z � (y)

; where W� (! ) =
mY

j =1

� gj ( ! )
j ; and Z � (y) =

X

! 02 
 (y )

W� (! 0):

Intuitiv ely, if gj (! ) is the number of times that feature j occurs in ! then � j is
the weight or cost of each occurrenceof feature j , and Z � (y) is a normalising
constant that ensuresthat the probabilit y of all parsesof y sum to 1.

Such a distribution can be used for a variety of tasks. The most straight-
forward application is parsing: the most likely parseof a string of words y is:

!̂ (y) = argmax
! 2 
 (y )

P(! jy) = argmax
! 2 
 (y )

W� (! ):

!̂ (y) can be found by exhaustively enumerating 
 (y). But even though 
 (y) is
�nite, with large grammars and long sentences�nding the most likely parseby
direct enumeration can be extremely time-consuming. The dynamic program-
ming algorithm described below exploits the structure of packed representations
to avoid this exhaustive search.

Now we turn to estimation. Supposewe havea training corpusD of sentences
yi and their correct parses! i , i.e., D = ((y1; ! 1); : : : ; (yn ; ! n )), from which we
wish to estimate the feature weights � .5 The �̂ that maximizes the conditional
likelihood L D (� ) is a consistent estimator of the conditional distribution. 6

�̂ = argmax
�

L D (� ) =
nY

i =1

P� (! i jyi )

Practial methods for optimizing L D , such as the Conjugate Gradient and L-
BFGS algorithms as well as the various iterativ e scaling algorithms, require the
partial derivativesof L D as well as L D itself.

@L D

@� k
=

L D (� )
� k

nX

i =1

(gk (! i ) � E � [gk jyi ]) ; where:

E � [gjy] =
X

! 2 
 (y )

g(! )P � (! jy) =
X

! 2 
 (y )

g(! )W� (! )
Z � (y)

Here E � [gjy] is the conditional expectation of g with respect to distribution P�

over parses
 (y) of the sentence y. As with parsing, computing this conditional
expectation by explicit summation over 
 (y) can be computationally expensive.

5 We call D ful ly labelled becauseit identi�es the correct parse ! i for each sentence
yi = Y (! i ) in D ; see[14] for conditional estimation from partially labelled data.

6 In fact [13] and later work estimate � by maximizing a regularized conditional lik e-
lihood obtained by multiplying L D by a zero-meandiagonal-variance Gaussian.
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5 Packed represen tations and graphical models

The previous section treated parsesin SUBGs as atomic (i.e., the features are
functions of the entire parse), whereasthey actually have a rich internal struc-
ture. As explained earlier the Maxwell-Kaplan parsing algorithm exploits the
sharing of fragments in parsesto produce a \packed representation" of a set of
parses.This sectiondescribesexplainshow dynamic programming algorithms for
graphical modelscan be usedto compute the most likely parseand the expected
value of features directly from thesepacked representations [11].

These methods are analoguesof the well-known dynamic programming al-
gorithms for Probabilistic Context-Free Grammars (PCFGs); speci�cally the
Viterbi algorithm for �nding the most probable parseof a string and the Inside-
Outside algorithm for estimating a PCFG from unparsed training data (which
we use to calculate the expected number of times each feature occurs). In fact,
becausethe Maxwell-Kaplan packed representations are just Truth Maintenance
System (TMS) representations [15], the statistical techniques described here
should extend to non-linguistic applications of TMSs as well.

Dynamic programming techniqueshave beenapplied to log-linear models in
other setting. La�ert y et al. show how dynamic programming can be used to
compute the statistics required for conditional estimation of log-linear models
of labeled sequenceswhere the properties can include arbitrary functions of the
input string [16]. The closestwork we know of to the approach described here
is that of Miy ao, Tsujii and colleagues[17,18]. They also describe a technique
for calculating the statistics required to estimate a log-linear model from packed
parse forests.

The previous section intro ducedseveral important quantities for parsing and
maximum likelihood estimation of SUBGs. In each casewe show that the quan-
tit y can be expressedas the value that maximisesa product of functions or else
as the sum of a product of functions, each of which dependson a small subsetof
the variables X of a packed parserepresentation. Theseare the kinds of quanti-
ties for which dynamic programming algorithms for graphical models have been
developed.

As explainedin section4, the most probableparseis !̂ (y) = argmax! 2 
 (y ) W� (! ):
Given a packed representation (F 0; X ; N ; � ) for the parses
 (y), let x̂(y) be the
x that identi�es !̂ (y), i.e., !̂ (y) = f f 2 F 0j � f (x̂(y)) = 1g. SinceW� (!̂ (y)) > 0,
it can be shown that:

x̂(y) = argmax
x 2X

N (x)
mY

j =1

� gj ( ! (x ))
j

= argmax
x 2X

N (x)
mY

j =1

�

P
f 2 ! ( x )

gj ( f )

j

= argmax
x 2X

N (x)
mY

j =1

�

P
f 2F 0 � f (x )gj ( f )

j
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= argmax
x 2X

N (x)
mY

j =1

Y

f 2F 0

� � f (x )gj ( f )
j

= argmax
x 2X

N (x)
Y

f 2F 0

0

@
mY

j =1

� gj ( f )
j

1

A

� f (x )

= argmax
x 2X

Y

� 2 N

� (x)
Y

f 2F 0

h� ;f (x) (3)

where h� ;f (x) =
Q m

j =1 � gj ( f )
j if � f (x) = 1 and h� ;f (x) = 1 if � f (x) = 0. That

is, h� ;f (x) is the weight of the fragment f in the parse ! (x). Note that h� ;f (x)
dependson exactly the samesubsetof variables in X as � f does.As (3) makes
clear, �nding x̂(y) involvesmaximising a product of functions where each func-
tion dependson a subsetof the variables X . As explained below, this is exactly
the kind of maximisation that can be solved using graphical model techniques.

We now turn to the partition function. As mentioned earlier, calculating the
partition function Z � (y) =

P
! 2 
 (y ) W� (! ) by explicitly summing over all parses


 (y) can be computationally expensive. However, there is an alternativ emethod
for calculating Z � (yi ) that doesnot involve this enumeration. As noted above, for
each yield yi ; i = 1; : : : ; n, the Maxwell-Kaplan algorithm returns a packed parse
Ri that represents the parsesof yi , i.e., 
 (yi ) = 
 (Ri ). A derivation parallel to
the one for (3) shows that for R = (F 0; X ; N ; � ):

Z � (
 (R)) =
X

x 2X

Y

� 2 N

� (x)
Y

f 2F 0

h� ;f (x) (4)

This derivation relies on the isomorphism between parsesand variable assign-
ments in (1). It turns out that sumsof products of this kind canalsobecalculated
using graphical model techniques.

Similar remarks apply to the computation of the conditional expectations
E � [gk jyi ]. Again, let R = (F 0; X ; N ; � ) be a packed representation such that

 (R) = 
 (yi ). First, note that (2) implies that:

E � [gk jyi ] =
X

f 2F 0

gk (f ) P(f ! : f 2 ! gjyi ):

Note that P(f ! : f 2 ! gjyi ) involvesthe sum of weights over all x 2 X subject
to the conditions that N (x) = 1 and � f (x) = 1. Thus P(f ! : f 2 ! gjyi ) can also
be expressedin a form that is easyto evaluate using graphical techniques.

Z � (
 (R))P � (f ! : f 2 ! gjyi ) =
X

x 2X

� f (x)
Y

� 2 N

� (x)
Y

f 02F 0

h� ;f 0(x) (5)

5.1 Graphical mo del calculations

In this subsectionwe brie
y review graphical model algorithms for maximizing
and summing products of functions of the kind presented above. The quantities
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(3), (4) and (5) involve maximisation or summation over a product of functions,
each of which dependsonly on the valuesof a subsetof the variables X . There
are dynamic programming algorithms for calculating all of thesequantities, but
for reasonsof spacewe only describe an algorithm that �nds the most probable
parse !̂ (y) of a string y. As explained above, this is equivalent to �nding the
x 2 X that maximizes (3).

It turns out that the algorithm for maximisation is a generalisation of the
Viterbi algorithm for HMMs, and the algorithm for computing the summation in
(5) is a generalisationof the forward-backward algorithm for HMMs [19]. Viewed
abstractly, these algorithms simplify these expressionsby moving common fac-
tors over the max or sum operators respectively. These techniques are now rel-
atively standard; the most well-known approach involvesjunction trees [20,21].
We adopt the approach approach described by [22], which is a straightforward
generalization of HMM dynamic programming with minimal assumptions and
programming overhead.

To explain the algorithm we usethe following notation. If x and x0 are both
vectors of length m then x = j x0 i� x and x0 disagreeon at most their j th
components, i.e., xk = x0

k for k = 1; : : : ; j � 1; j + 1; : : : m. If f is a function whose
domain is X , we say that f depends on the set of variables d(f ) = f X j j9x; x0 2
X ; x = j x0; f (x) 6= f (x0)g. That is, X j 2 d(f ) i� changing the value of X j can
changethe value of f .

The algorithm relies on the fact that the variables in X = (X 1; : : : ; X n )
are ordered (e.g., X 1 precedesX 2, etc.), and while the algorithm is correct for
any variable ordering, its e�ciency may vary dramatically depending on which
ordering is chosen. Let H be any set of functions whose domains are X . We
partition H into disjoint subsets H 1; : : : ; H n +1 , where H j is the subset of H
that depend on X j but do not depend on any variables ordered before X j , and
H n +1 is the subset of H that do not depend on any variables at all (i.e., they
are constants).7 That is, H j = f H 2 H jX j 2 d(H ); 8i < j X i 62d(H )g and
H n +1 = f H 2 H jd(H ) = ;g .

In order to �nd the most probable parsewe must �nd the x that maximizes
the product of functions (3). Here we describe a general algorithm for �nding
M max and x̂ that satisfy (6-7).

M max = max
x 2X

Y

A 2A

A(x) (6)

x̂ = argmax
x 2X

Y

A 2A

A(x): (7)

The proceduredependson two sequencesof functions M i ; i = 1; : : : ; n+ 1 and
Vi ; i = 1; : : : ; n. Informally , M i is the maximum value attained by the subsetof
the functions A that depend on oneof the variablesX 1; : : : ; X i , and Vi identi�es
the x at which this maximum is attained.

7 Strictly speaking this does not necessarilyde�ne a partition, as someof the subsets
H j may be empty.
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To simplify notation we write thesefunctions as functions of the entire set of
variables X , but the e�ciency of the algorithm requires that they depend on a
much smaller set of variables. The M i are real valued, while each Vi rangesover
Xi . Let M = f M 1; : : : ; M n g. A and M are both partitioned into disjoint subsets
A1; : : : ; A n +1 and M 1; : : : ; M n +1 respectively as described above on the basis
of the variables each A i and M i depend on.

M i (x) = max
x 02X

s:t : x 0= i x

Y

A 2A i

A(x0)
Y

M 2M i

M (x0) (8)

Vi (x) = argmax
x 02X

s:t : x 0= i x

Y

A 2A i

A(x0)
Y

M 2M i

M (x0)

M n +1 receivesa special de�nition, since there is no variable X n +1 .

M n +1 =

0

@
Y

A 2A n +1

A

1

A

0

@
Y

M 2M n +1

M

1

A (9)

The M i (x) and Vi (x) correspond to the intermediate quantities computed in the
well-known Viterbi algorithm for HMMs. M i (x) is the maximum value of the
product of terms A 2 A that depend directly or indirectly (through someM )
on the variable X i , and the i th component of Vi (x) givesthe value of x i at this
maximum. That is, each M i can be recursively expandedinto the maximum of
a product of functions A 2 A. If any of thesefunctions also depend on variables
ordered after X i , M i and Vi must also.

The de�nition of M i in (8) may look circular (since M appears in the right-
hand side), but in fact it is not. First, note that M i depends only on variables
ordered after X i , so if M j 2 M i then j < i . More speci�cally ,

d(M i ) =

 
[

A 2A i

d(A) [
[

M 2M i

d(M )

!

n f X i g:

Thus we can compute the M i in the order M 1; : : : ; M n +1 , inserting M i into the
appropriate set M k , where k > i is the next variable M i dependson, when M i

is computed. By recursively expanding each M i , a simple induction shows that
M max = M n +1 and that Vi (x̂) = x̂ i (the value x̂ assignsto X i ). BecauseVi

only dependson variables ordered after x i , we can evaluate the Vi in the order
Vn ; : : : ; V1 to �nd the maximising assignment x̂.

Wenow brie
y considerthe computational complexity of this process.Clearly,
the number of steps required to compute each M i is a polynomial of order
jd(M i )j + 1, since we need to enumerate all possible values for the argument
variables d(M i ) and for each of these,maximise over the set X i .

Sincecomputational e�ort is boundedaboveby a polynomial of order jd(M i )j+
1, we seeka variable ordering that bounds the maximum value of jd(M i )j. Un-
fortunately, �nding the ordering that minimisesthe maximum value of jd(M i )j is
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an NP-complete problem. However, there are several e�cien t heuristics that are
reputed in graphical modelscommunit y to producegood visitation schedules.It
may be that they will perform well in the SUBG parsing applications as well.

6 Conclusion

This paper described recent research in SUBGs, concentrating on dynamic pro-
gramming algorithms for estimating and parsing using exponential models that
do not require explicit enumeration of all parses.Thesealgorithms are likely to
play an increasingly important role as SUBGs are applied to complex natural
languageprocessingtasks such as machine translation.

The key observation is that the set of parsesof a sentence possessesa non-
trivial structure that can be represented using an undirected graphical model.
The Maxwell-Kaplan parsing algorithm takesadvantage of this structure to pro-
duce a packed representation of a set of parses,and the dynamic programming
algorithms described above exploit the samestructure to compute the statistics
neededfor parsing and estimation without enumerating all possibleparses.

While almost all of the work on SUBGs hasbeenbasedon exponential mod-
els, the astute readerwill have noticed identifying the correct parseof a sentence
is essentially just a discriminativ e learning task, and virtually any discriminativ e
learning algorithm could be used. It would be interesting to seeif standard dis-
criminativ e learning algorithms, such as Support Vector Machines, yield better
parsing performance. It would also be interesting to seeif thesealgorithms can
be trained from partially labelled data [14] and possessdynamic programming
parsing and estimation algorithms.
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