3 UREDE LQVWF * UDP P DUV DQG WKHLU $ SSAFDWRQV

6 WCDUW * HP DQ DQG 0 DUN - RKQVRQ

% URZ Q 8 QLYHUVLW

- DQXDU\

$ EVWUDFW

) RUP DOJUDP P DUV DUH Z LGHO XVHG LQ VS HHFK UHFRJQLWMRQ OQJXDJH
WUDQ VOIDWLRQ DQG MQJIJXDJH XQGHUVWOQGLQJ V\ VWHP V * UDP P DUV ULFK
HQRXJK WR DFFRP P RGDWH QDWXUDOMQJXDJH JHQHUDWH P X OMS CH LQWHUS UH
WOWRQV RI W SLFDO VHQWHQFHV 7 KHVH DP ELIXLWHV DUH D IXQGDP HQWDO
FKDOHQJH WR SUDFWFDO DS SAFDWRQ * UDP P DUV FDQ EH HTXLSSHG Z LW
SUREDELOW GLVWLE XWRQV DQG WKH YDULRXV SDUDP HWHUV RI WK HVH GLVWL
EXWRQV FDQ EH HVWP DWHG IURP GDW HJ DFRX VWF UHS UHVHQWDWLRQV RI
VS RNHQ Z RUGV RU D FRUSXV RI KDQG SDUVHG VHQWHQFHV 7 KH UHVX OMQJ
SUREDELOVWF JUDP P DUV KHGB WR LQWHUS UHW VS RNHQ RU Z ULWWHQ OOQJXDJH
XQDP ELIXRXVO : HUHYLHZ WKHP DLQ FODVVHV RI SUREDELAVWF JUDP P DUV

DQG SRLQWWR VRP H DFWYH DUHDV RI UHVHDUFK

, QWUR G X FWLR Q

1 DWXUDO @QJXDJH SURFHVVLQJ LV WKH XVH RI FRP SXWHUV IRU SURFHVVLQJ QDWXUDO
MQJIJXDJH WH[ W RU VS HHFK 0 DFKLQH WDQVMWRQ WH DXWRP DWF WDQVMWRQ RI
WH[ W RU VS HHFK I1URP RQH MDQJXDJH WR DQRWKHU EHIJDQ Z LWK WKH YHU\ HDUQHVW
FRP SXWUV . D\ HWDO 1 DWXUDOMQJXDJH LQWHUIDFHV S HUP LWFRP S XWHUV
WR LOQOWHUDFW Z LWK KXP DQV XVLQJ QDWXUDO OQJXDJH HJ WR TXHU\ GDWEDVHV
& RXSMHG Z LWK VS HHFK UHFRJQLWRQ DQG VS HHFK V\ QWK HVLY WK HVH FDSDE LOWHV Z LOO
EHFRP H P RUH LP SRUWDQW Z IWK WKH JURZ LQJ SRSXOMUW RI SRUWEO FRP S XWHUV
WKDW CODFN NH\ ERDUGY DQG MUJH GLVS @M\ VFUHHQV 2 WKHU DSSAFDWRQV LQFOXGH
VS HOO DQG JUDP P DU FKHFNLQJ DQG GRFXP HQW VXP P DUL] DWRQ $ SSAFDWRQV
RXWLGH RI QDWXUDO ADQJXDJH LQFOXGH FRP SLAHUV Z KLFK WDQVMOMW VRXUFH FRGH

LOWR RZ HU HYHOP DFKLQH FRGH DQG FRP SXWHU YLVLRQ ) X



0 RVWQDWXUDOMQJIXDJH SURFHVVLQJ V\ VWHP V DUH EDVHG RQ IRUP DOJUDP P DUV
7 KH GHYHORSP HQWDQG VWXG\ RI IRUP DOJUDP P DUV LV NQRZ Q DV FRP SXWDWRQDO
AQJIXLVWFV 8 grammar v b GHVFULSWRQ RI D QJXDJH XVXDOO LW LGHQWnN HV
WKH VHQWHQFHV RI WKH DQJXDJH DQG SURYLGHV GHVFULSWRQV RI WKHP HJ E\
GHNn QLQJ WKH SKUDVHV RI D VHQWHQFH WKHLU LQWHU UHCDWLRQVKLSV DQG S HUKDSV DOVR
DVS HFW RI WK HLU P HDQLQJV Parsz'ng LV WKH SURFHVV Rl UHFRYHULQJ D VHQWHQFH V
GHVFULSWRQ IURP LW Z RUGV Z KLCH genemtion LV WKH SURFHVV RI WUDQVMDMWQJ D
P HDQLQJ RU VRP H RWKHU SDUW RI D VHQWHQFH V GHVFULSWRQ LQWR D gmmmati(zal
RU Z HOOIRUP HG VHQWHQFH 3 DUVLQJ DQG JHQHUDWRQ DUH P DMU UHVHDUFK WRSLFV
LQ WKHLU RZ Q ULJKW ( YLGHQWO KXP DQ XVH RI DQJXDJH LQYROYHV VRP H NLQG
Rl SDUVLQJ DQG JHQHUDWRQ SURFHVV DV GR P DQ\ QDWXUDO ODQJXDJH SURFHVVLQJ
DS SAFDWRQV ) RU HLDP SCH D P DFKLQH WDQVMOWRQ SURJUDP P D\ SDUVH DQ
LQSXW DQJXDJH VHQWHQFH LQWR D SDUWDO UHSUHVHQWDWRQ RI LW P HDQLQJ DQG
WKHQ JHQHUDWH DQ RXWSXW MQJXDJH VHQWHQFH IURP WK DW UHS UHVHQWDWR Q

0 RGHUQ FRP SXWDWRQDO AQJXLVWFV EHIJDQ Z LWK & KRP VN\ DQG Z DV
LQLWDOO GRP LQDWHG E\ WKH VWXG\ RI KLV ?WDQVIRUP DWMRQDO JUDP P DUV 7 KHVH
JUDP P DUV LQYRO'YHG WZ R CHYHO/ Rl DQDO VHV D ? GHHS VWUXFWXUH P HDQWWR FDS
WX UH P RUH RU CHVV VLP SO WKH P HDQLQJ RI D VHQWHQFH DQG D ? VXUIDFH VWJX FWX UH
Z KLFK UHo HFW WKH DFWXDO Z D\ LQ Z KLFK WKH VHQWHQFH Z DV FRQVWUIXFWHG 7 KH
GHHS VWUXFWXUH P LJKW EH D FOXVH LQ WKH DFWYH YRLFH ?6DQG\ VDZ 6DP
Z KHUHDV WKH VXUIDFH VWUX FWXUH P LJKWLQYRO'H WKH P RUH FRP SCH[ SDVVLYH YRLFH
?6 DP Z DV VHHQ E\ 6DQG\

7 UDQVIRUP DWRQDO JUDP P DUV DUH FRP SXWDWRQDO FRP S| DQG LQ WKH

V VHYHUDO OQJXLVW FDP H WR WKH FRQFOXVLRQ WKDW P XFK VLP SCHU NLQGV RI
JUDP P DUV FRXOG GHVFULEH P RVW V\ QWDFWF SKHQRP HQD GHYHORSLQJ * HQHUDO
L] HG 3 KUDVH 6 WUX FWXUH * UDP P DUV * D] GDUHWDO DQG 8 QLn FDWRQ EDVHG
* UDP P DUV . DSQ DQG % UHVQDQ 3 RODUG DQG 6 DJ 6 K LHE HU
7 KHVH JUDP P DUV JHQHUDWH VXUIDFH VWX FWX UHV GLUHFWO WK HUH LV QR VHS DUDWH
GHHS VWUXFWXUH DQG WKHUHIRUH QR WUDQVIRUP DWRQV 7 KHVH NLQGV RI JUDP P DUV
FDQ SURYLGH YHU\ GHWDLGHG V\ QWDFWF DQG VHP DQWF DQDO VHV RI VHQWHQFHV EXW
HYHQ WRGD\ WKHUH DUH QR FRP SUHKHQVLYH JUDP P DUV RI WKLV NLQG WKDW IXO DF
FRP P RGDWH ( QJAVK RU DQ\ RWKHU QDWXUDO CDQJXDJH

1 DWKUDO (DQJXDJH SURFHVVLQJ XVLQJ KDQG FUDIWHG JUDP P DUV VXmHUV IURP
W R P DMRU GUDZ EDFNV ) LUVW WKH V\ QWDFWF FRYHUDJH RmHUHG E\ DQ\ DYDLDEM™
JUDP P DU LV LQFRP SCHWH UHo HFWQJ ERWK RXU OFN RI XQGHUVWDQGLQJ RI HYHQ
UHDWLY HO TUHT X HQWO RFFXULQJ VI QWDFWF FRQVWUX FWRQV DQG WKH RUIJDQL] DWMRQDO
GLp FXOM RI P DQXDO FRQVWIXFWQJ DQ\ DUWIDFWDV FRP SCH[ DV D JUDP P DU RI

D QDWXUDO (DQJXDJH 6 HFRQG VXFK JUDP P DUV DCP RVW D@ D\ V SHUP LW D OUJH



QX P EHU RI spurious ambiguities LH SDUVHV Z KLFK DUH SHUP LWAMHG E\ WKH UXCHV
RI VI QWD[ EXWKDYH XQXVXDORU XQQNHO VHP DQWF LQWHUS UHWDWRQV ) RUH[ DP SH
LQ WKH VHQWHQFH ISCLU) the bOCLt wn‘h the telescope WK H SUHS RVIWLRQDOS K UDVH U)?th
the telescope LV P RVWHDVLO LQWHUS UHWHG DV WK H LQVWUX P HQW X VHG LQ VHHLQJ Z KL
LQ ISCLU) the policeman w7fh the riﬂe WKH SUHS RVIWIRQDOSKUDVH XVX DO UHFHLYHV
D GLmMHUHQW LQWHUS UHWDWLRQ LQ Z KLFK WKH SRQFHP DQ KDV WKH ULoH 1 RWH WKDW WK H
FRUUHVS RQGLQJ DOMUQDWYH LQWHUS UHWDWRQ LV P DUJLQDOO DFFHVVLECH IRU HDFK RI
WK HVH VHQWHQFHV LQ WKH n UVW VHQWHQFH RQH FDQ LP DJLQH WKDW WKH WHCHVFRS H LV
RQ WKH ERDW DQG LQ WKH VHFRQG WKDWWKH ULoH VD\ Z LWK D YLHZ LQJ VFRSH Z DV
XVHG WR YLHZ WKH SRQFHP DQ

,Q HMHFW WKHUH LV D GLCHP P D RI FRYHUDJH $ JUDP P DU ULFK HQRXJK WR DF
FRP P RGDWH QDWXUDO ODQJXDJH LQFOXGLQJ UDUH DQG VRP HWP HV HYHQ ? XQJUDP
P DWMFDO FRQVWIXFWRQV IDLOV WR GLVWQJXLVK QDWXUDOIURP X QQDWXUDO LQWHUS UH
WDOWRQV % XW D JUDP P DU VXp FLHQWO UHVWILFWHG VR DV WR H[ FOXGH Z KDW LV XQ
QDWX UDOIDLOV WR DFFRP P RGDWH WKH VFRSH Rl UHDOMQJXDJH 7 KHVH REVHUYDWRQV
HDG LQ WKH V WR D JURZ LQJ LQWHUHVW LQ VWRFKDVWF DS SURDFKHV WR QDWX
UDO D QJXDJH SDUWMFXMUO WR VSHHFK 6 WRFKDVWF JUDP P DUV EHFDP H WKH EDVLV
Rl VS HHFK UHFRJQLWRQ V\ VWHP V E\ RXWSHURUP LQJ WKH EHVW RI WKH V\ VWHP V
EDVHG RQ GHWHUP LQLVWLF KDQG FUDIWHG JUDP P DUV / DUJHO LQVSLUHG E\ WKHVH
VX FFHVVHV FRP SXWDWRQDO AQJXLVW EHJDQ DSSO LQJ VWRFKDVWF DS SURDFKHV WR
RWK HU QDWX UDO @DQJ XDJH SURFHVVLQ) DSSOFDWRQV 8 VXDO) WKH DUFKLWHFWX UH RI
VXFK D VWRFKDVWF P RGHOLV VSHFLn HG P DQXDO Z KLGH WKH P RGHOV SDUDP HWHUV
DUH HVWLP DWHG IURP D tmmmg COTPUS LH D UIH UHS UHVHQWDWLYH VDP S CH RI
VHQWHQ FHV

$ V H SOLQHG LQ WKH ERG\ RI WKLV HQWJ\ VWRFKDVWF DS SURDFKHV UHS DFH WK H
ELQDU\ GLVYWQFWRQV JUDP P DWFDO YHUVXV XQJUDP P DWFDO RI QRQ VWRFKDVWF
DSSURDFKHV Z LWK SUREDELOW GLVWILEXWRQV 7 KLV SURYLGHV D zZ D\ RI GHDQQJ
Z IWNK WKH WZ R GUDZ EDFNV RI QRQ VWRFKDVWF DS SURDFKHV ,OIRUP HG DOMUQD
WLYHV FDQ EH FKDUDFWHUL] HG DV H[ WWHP HO RZ SUREDELAOW UDWKHU WKDQ UXHG
RXW DV LP SRVVLEH VR HYHQ XQJUDP P DWFDO VWILQJV FDQ EH SURYLGHG Z LWK DQ
LQWHUS UHWDWRQ 6 LP LCLDUO D VWRFKDVWF P RGHORI SRVVLE CH LQWHUS UHWDWRQV RI D
VHQWHQFH SURYLGHV D P HWKRG IRU GLVWLQJ XLVKLQJ P RUH SOX VLE CH LQWHUS UHWDWRQV
IURP CHVV SOXVLECH RQHV

7 KH QH[ WVHFWRQ § LQWURGX FHV IRUP DGO YDULRXV FODVVHV RI JUDP P DUV DQG
MQJXDJHV 3 UREDELAOVWF JUDP P DUV DUH LQWURG X FHG LQ § DORQJ Z LWK WK H EDVLF

LVVX HV RI SDUDP HWJLF UHS UHVHQWODWRQ LQIHUHQFH DQG FRP SXWWRQ



* UDP P DUV DQG ODQJXDJHYV

7 KHIRUP DOIUDP HZ RUN Z KHWKHU XVHG LQ D WDQVIRUP DWRQDOJUDP P DU D JHQHU
DA] HG SKUDVH VWXFWXUH JUDP P DU RUD P RUH WIDGLWRQDO VW CHG FRQWH[ W IUHH
JUDP P DU LVGXHW & KRP VN\ DQG KLV FR Z RUNHUV 7 KLV VHFWRQ S UHVHQW
D EULHI LOQWRGXFWRQ WR WKLV IUDP HZ RUN % XWIRU D WKRURXJK DQG YHU\ UHDG

DEMH SUHVHQWODWRQ Z H KLIKO UHFRP P HQG WKH ERRN E\ + RSFURIWDQG 8 QP DQ

7 KHFRQFHSWDQG QRWOWRQ RI D IRUP DOJUDP P DULV SHUKDSV EHVWLQWRGX FHG

E\ DQ H[ DP SCH

([ DP s OH ' HnQH D gramimar G1 E\ G1 Tl,Nl,e,Rl Z KHUH T1 {JURZ v,
ULFH,ZKHDW} LV D VHWRI Z RUGV D ? CH[ LFRQ N1 {6,13,93}LVDVHWR| V\ P EROV/
UHS UHVHQWL.QJ JUDP P DWFDOO P HDQLQJIXOVWILQJV RI Z RUGV VXFK DV FODXVHV RU SDUW RI
VSHHFK HJ 6 IRU?6HQWHQFH 13 IRU?1 RXQ 3 KUDVH 9 3 IRU?9 HUE 3 KUDVH DQG
R1 {6 — 13 93,13 —UFH,1 3 —> Z KHDW,9 3 —>JURZV}LVDFRO0HFWLRQ RI UX CHV
IRU UHZ ULMQJ RU LQVWDQWDWQJ WKH V\ P ERO/ LQ N1 ,QIRUP DOO WKH QRQWHUP LQDO 6
UHZ ULWHV WR VHQWHQFHV RU FADXVHV 1 3 UHZ ULWHV WR QRXQ SKUDVHV DQG 9 3 UHZ ULWHV WR
YHUE SKUDVHV 7 KH language LG1 JHQHUDWHG E\ G1 LV WK H VHW Rl VWLQJV RI Z RUGV
WK DW DUH UHDFKDEOH IURP 6 WKURXJK WKH UHZ ULWH UX CHV LQ R1 ,Q WKLV H[ DP SCH LG1

{ULFH JURZ V, Z KHDW JURZ v} GHULYHG E\ 6 = 1 3 9 3 = ULFH9 3 = ULFH JURZ V

DQG 6 —> 1 3 9 3 = Z KHDW9 3 —> Z KHDW JURZ V

*
0 RUH JHQHUDGO L7 LV D nQLWH VHW RI VI P ERO/ CHW 7 EH WKH VHW RI DGO

VWJILQJV L H n QLWH VHT XHQFHV RI VI P ERO/ RI 7 LQFOXGLQJ WKH HP SW VWLQJ

DQG CHW 7 + EH WKH VHW Rl DO QRQHP SW VWLQJV RI VI P ERO/ RI 7 $ language

LV D VXEVHW RI 7 © s rewrite grammar = v b TXDGUXSM™H * 7 1 6 5
Z KHUH 7 DQG 1 DUH GLVMRLQW n QLWH VHW RI VI P ERO/ FDOHG WKH terminal DQG
non—terminal VI P ERO/V UHVS HFWLY HO 6 1 LV D GLYWQJXLVKHG QRQ WHUP LQDO
Foarc wkH Start ru sentence symbol DQG 5 LV D nQLWH VHWRI SURGXFWRQV $
p’l“OdUCf?ZO’n/ LV D SDLU m n Z KHUH m 1 + DQG n 1 > 7 * SURGX FWRQV
DUH XVXDGOD Z ULWAMHQ m n 3 URGXFWRQV RI WKH IRUP m q Z KHUH g LV WKH
HP SW VWLQJ DUH FDQHG epsilon productions 7 KLV HQWJ\ UHVWULFW DWMQWRQ WR
JUDP P DUV Z LWAKRXW HSVLORQ SURGXFWRQV LH n 1 > 7 + DV WKLV VLP S Qn HV
WKH P DWKHP DWFV FRQVLGHUDE O

$ UHZ ULWH JUDP P DU * GHn QHV D rewriting relation Gt 1 0> 7 * d
1 > 7 Y RYHU sSDLUW RI VWULQJV FRQVLVWLQJ Rl WHUP LQDO/ DQG QRQWHUP LQDO/ DV
IROORZ V ns$ o nmo Lm $ m 5 DQG n o 1 > 7 * WK H VXEVFULSW
* LV GURSSHG Z KHQ FQHDU IURP WKH FRQWH[ W 7 KH UHo H[ LYH WJDQVLWLYH FQRVX UH

*k *
R LV GHQRWHG 7 KXV LV WKH UHZ ULWQJ UHMWRQ XVLQJ DUE LWIDU\



nQLWH VHT XHQFHV RI SURGXFWRQV ,WLV FDOHG ? UHo H[ LYH EHFDXVH WKH LGHQWW
UHZ ULWH m m LV LQFX GHG 7 KH language genemted by* GHQRWHG / (G LV
WKH VHW RI DO VWLQJV Z 7+VXFK WK DW 6 *z

5 HZ UMMH JUDP P DUV DUH WUIDGLWMRQDOO FOMDVVLh HG E\ WKH VKDS HV RI WK HLU S UR
GXFWRQV * 7 1 6 5 LV D 6077/7563375—5677/57:757:06 graminar tm IRU DO SURGXF
WLRQV m n 5 MAM> MM LH WH UJKWKDQG VLGH RI HDFK SURGXFWRQ LV
QRW VKRUWHU WKDQ LW CHIWKDQG VLGH * LV D context—free gramimar tm mmm
LH WKH HIWKDQG VLGH RI HDFK SURGXFWRQ FRQVLVW RI D VLQJOH QRQ WHUP LQDO
* LV D left—lmear grammar tm * v FRQWH[ WIUHH DQG n WKH ULJKWKDQG VLGH
Rl WKH SURGXFWRQ LV HLWKHU RI WKH IRUP $ Z RU RI WKH IRUP Z Z KHUH $ 1
DQG Z 7% gD Mght-lz'near gramimarn bp@ b\ Vv LV RI WKH IRUP Z$ RUZ $
ULJ KW RU CHIW QQHDU JUDP P DU LV FDOHG D TegulaTJUDP P DU * 1 LQ ( [DP SH
LV FRQWH[ W VHQVLW.YH DQG FRQWH[ W |UHH

, WLV VWDLI KW IRUZ DUG WR VKRZ WKDWWH FAOVVHV RI DQJXDJHV JHQHUDWHG E\
WK HVH FODVVHV RI JUDP P DUV VWDQG LQ VWILFW HTXDOW RU VXEVHW UHODWRQVKLSV
6 SHFLn FDOO WKH FODVV RI OOQJXDJHV JHQHUDWHG E\ ULJKW QQHDU JUDP P DUV LV WK H
VDP H DV WKH FODVV JHQHUDWHG E\ CHIW QQHDU JUDP P DUV WKLV FADVV LV FDOHG WK H
regular languages DQG LV D VWILFW VX EVHW RI WKH FDVV RI DQJXDJHV JHQHUDWHG
E\ FRQWH[ WIUHH JUDP P DUV Z KLFK LV D VWLFW VXEVHW RI WKH FADVV Rl DQJXDJHV
JHQHUDWHG E\ FRQWH[ W VHQVLWMYH JUDP P DUV Z KLFK LQ WXUQ LV D VWILFW VX E VHW RI
WKH FCDVV RI DQJXDJHV JHQHUDWHG E\ UHZ ULWH JUDP P DUV

, WWX UQV RXWWKDWFRQWH[ W VHQVLWLYH JUDP P DUV Z KHUH D SURGXFWRQ UHZ ULWHV
P RUH WKDQ RQH QRQWHUP LQDO KDYH QRW KDG P DQ\ DSSQOFDWRQV LQ QDWXUDO
MQJIJXDJH SURFHVVLQJ VR IURP KHUH RQ ZH Z LOO FRQFHQWIDWH RQ FRQWH[ W IUHH
JUDP P DUV Z KHUH DO SURGXFWRQV WDNH WKH IRUP $ n  Z KHUH $ 1 DQG
n 1 > 7 +

$ Q DSSHDAQJ SURSHUW RI JUDP P DUV Z LWK SURGXFWRQV LQ WKLV IRUP LV WKDW
WK H\' LQGXFH WUHH VWUX FWX UHV RQ WK H VWULQJV WK DWWK H\ JHQHUDWH $ QG DV 6 HFWRQ

VKRZ V WKLV LV WKH EDVLV IRU EULQJLQJ LQ SUREDELOW GLVWLEXWRQV DQG WKH

WK HRU\ RI LQIHUHQFH : H VD\ WKDWWH FRQWH[ WIUHH JUDP P DU * 7 1 6 5
JHQHUDWHY WKH EHOHG RUGHUHG WJHH , Lm WKH URRW QRGH RI , LV ODE HOHG 6
DQG IRU HDFK QRGH Q LQ , HIWKHU Q KDV QR FKLOGUHQ DQG LW MEHOLV D P HP EHU

RI 7 LH LWLV CDEHOHG Z LWK D WHUP LQDO RU HO/H WKHUH LV D SURGXFWRQ $

n 5 Z KHUH WKH DEHORI Q LV $ DQG WKH CHIWWR ULJKW VHTXHQFH RI ODE HO/ RI
Q VLP P HGLDWH FKLOGUHQ LV n , WLV VWDLIKWIRUZ DUG WR VKRZ WKDWZ LV LQ / (3 Lm
* JHQHUDWHV D WUHH , Z KRVH yield LH WKH CHIWWR ULJ KW VHT XHQFH RI WHUP LQDO
VI P ERO/ ODEHOOQJ , V CGHDI QRGHV LV Z ., LV FDOHG D parse tree r1 z Z LWK

UHVS HFW WR * ,Q Z KDWIROQRZ V ZH GHnQH k (¢ WR EH WKH VHW RI SDUVH WJHHV



JHQHUDWHG E\ * DQG < ¢ WR EH WKHIXQFWRQ WKDWP DSV WHHV WR WK HLU \ LHGGV

Example 1 (continued): The grammar G; defined above generates the follow-
ing two trees, 1 and 9.

S S
P = /\ o = /\
NP VP NP VP
| | | |
rice  grows wheat grows

In this example, < (1/)1) = utrn surz v and <« (1/)2) — Z KHDWJURZ V.

$ VWUILQJ RI WHUP LQDOV Z LV FDOHG ambzguous Lm Z KDV W R RUP RUH SDUVH WUHHV
/ LQJXLVWFDOO HDFK SDUVH WUHH Rl DQ DP ELIXRXV VWILQJ XVXDOO FRUUHVSRQGV WR

D GLVWQFW LQWHUS UHWDWLR Q

Example 2: Consider Gy = (13, N2, S, R2), where To = 1 I, saw, the, man, with,
telescopes, No = 1+ S,NP, N, Det, VP, V, PP, P; and Ry = S NP VP, NP
ILNP DetN,Det the,N NPP,N man,N telescope, VP VNP, VP
VP PP, PP PNP,V saw, P withs . Informally, N rewrites to nouns, Det
to determiners, V to verbs, P to prepositions and PP to prepositional phrases. It
is easy to check that the two trees )3 and 14 with the yields < (¢3) =< (¢4) =
, VDZ WKH P DQ zLw wkH wicivFrsH are both generated by G9. Linguistically, these
two parse trees represent two different syntactic analyses of the sentence. The
first analysis corresponds to the interpretation where the seeing is by means of a
telescope, while the second corresponds to the interpretation where the man has
a telescope.

S
/\
NP VP
/\
VP PP
TN T~
A\ NP P NP
/\ /\
Det N Det N

| | | |

I saw the man with the telescope



NP VP
/\
\% NP
/\
NP PP
/\ /\
Det N P NP
/\
Det N
| |

I saw the man with the telescope

3 UREDE LOW DQG VWD WLVWLFYV

2 EYLRXVO EURDG FRYHUDJH LV GHVLUDEGH_ QDWXUDOMMQJXDJH LV ULFK DQG GLYHUVH
DQG QRW HDVLO KHGOG WR D VP DOO VHW RI UXOHV % XW LW LV KDUG WR DFKLHYH EURDG
FRYHUDJH Z LMKRXWP DVVLYH DP E LJ X LW D VHQWHQFH P D\ KDYH WHQV RI WKRXVDQGV
R1 S DUVHV DQG WKLV RI FRXUVH FRP SAQFDWHYV DSSOAOFDWRQV GQNH ®QJXDJH LQWHUS UH
WOWRQ MQJXDJH WDQVMOMWRQ DQG VS HHFK UHFRJQLWRQ 7 KLV LV WKH GLOHP P D
Rl FRYHUDJH WKDW Z H UHIHUUHG WR HDUGQHU DQG LW VHW XS D FRP SHO1QJ UROH IRU
SUREDE LOVWMF DQG VWODWVWFDOP HWRGV

H EULHo\ UHYLHZ WKH P DLQ SUREDELOVWF JUDP P DUV DQG WKHLU DVVRFLDWHG

WK HRULHV Rl LQIHUHQFH : H EHJLQ LQ [ Z LIWK SUREDE LAVWF UHJ XU JUDP P DUV
DO/R NQRZ Q DV KLGGHQ 0 DUNRY P RGHO/ + 0 O Z KLFK DUH WKH IRXQGDWRQ RI
P RGHUQ VS HHFK UHFRJQLWRQ V\ VWHP V_ VHH - HQQHN IRU D VX UYH\ DQG VHH

) DFWRU DQDQ VLV DQG MDWHQWVWXFWUH KLGGHQ 0 DUNRY P RGHO/ QHXUDOQHW RUNV
DQG P L[ WKUHV Rl H[ SHUW LQ WKLV HQF\ FCRS HG LD
Q[ Z H GLVFXVV SUREDE LAVWF FRQWH[ W IUHH JUDP P DUV Z KLFK WXUQ RXW WR
EH HYWHQWDGO3 WKH VDP H WKLQJ DV EUDQFKLQJ SURFHVVHV ) LQDO LQ [ Z H WDONH
D P RUH JHQHUDODS SURDFK WR S (DFLQJ S UREDE LAWHYV RQ JUDP P DUV Z KLFK CHDGV WR
* LEEV GLVWULE X WRQV D URCH IRU % HVDJ V SVHXGRQNHQKRRG P HWRG % HVDJ
YDULRXV FRP SXWDWRQDOLVVXHV DQG DOLQ DO DQ DFWYH DUHD RI UHVHDUFK

LQ FRP SXWOWRQDO AQJ X LVWFV



5 HJXObU JUDP P DUV

HZ LOIRFXV RQ ULJKWAOQHDU JUDP P DUV EXWWH WHDW HQWRI CHIWAQQHDU JUDP
P DUV LV P RUH RU (HVV LGHQWFDO ,WLV FRQYHQLHQWW Z RUN Z LWK D QRUP DO IRUP
DO UXHV DUH HIWK HU RI WKH IRUP A bB RU A b Z KHUH A,B N DQG
b T , WLV HDV\ WR VKRZ WKDWHYHU\ ULJKWQQHDU JUDP P DU KDV DQ HT XLYDCHQW
QRUP DOIRUP LQ WKH VHQVH WKDWWKH W R JUDP P DUV SURGXFH WKH VDP H DQJXDJH

( VVHQWMLDOO QRWKLQJ LV CRVW

3 URE DE LOLWLHV

7 KH JUDP P DU G FDQ EH P DGH LQWR D SUREDELOQVWF JUDP P DU E\ DVVLIQLQJ WR

HDFK QRQWHUP LQDOA ND SUREDE LOW GLVWLE X WMRQ pRYHU SURGXFWRQV RI WKH

IRUP A o R IRU HYHU\ A N

Z pA  «

ag(NUT)*
s.t. (A—a)ER

5 HFDO WKDW k (¢ LV WKH VHW Rl SDUVH WHHV JHQHUDWHG E\ G VHH [ | G Lv
AQHDU WKHQ /l/} k (G LV FKDUDFWHUL] HG E\ D VHTXHQFH RI SURGXFWRQV VW UWQJ
IURP S , WLV WKHQ VWJIDLIKWRUZ DUGV\RXVHpV\R GHn QH D SUREDE LOW PRQk G
MX VW WD N H P ¢ IRU ¢ k G W EH WH SURGXFWRI WKH DVVRFLDWHG S URGXFWRQ

S UREDE LOWHYV

([ DP SOH & RQVLGHU WKH ULJKW QQHDU JUDP P DU * 3 73 13 6 53 Z LWK 7 3

{D E} 13 {6 $ } DQG WKH SURGXFWRQV 5 3 DQG SURGXFWRQ SUREDELAOWHV S

6 — D6 S
6 — EG6 s
6 — ES$ S
$ —ES$ S

$ —E s

7 KH DQJXDJH LV WKH VHW RI VWLQJYV HQGLQJ Z LWK D VHTXHQFH RI DW CHDVW WZ R bv
7 KH JUDP P DU LV DP ELJXRXV LQ JHQHUDO D VHTXHQFH RI WHUP LQDO VWDWHV GRHV QRW
X QLT XHO LGHQWI\ D VHTXHQFH RI SURGXFWRQV 7 KH VHQWHQFH aabbbb k bv wk unH s DUVHY
GHWHUP LQHG E\ WKH SOFHP HQW RI WKH SURGXFWRQ 6 — ES$ EXW WKH P RVW GNHO
SDUVH E\ IDU LV 6 — D6 6 —> D6 6 — ES$ $ — ES $ — ES $ — E 3
Z KLFK KDV D pOSteriOTSUREDELaw RI QHDUQO 7 KH FRUUHVS RQGLQJ

SDUVH WUHH LV VKRZ Q EHRZ



D/e\
D/G\
E/$\

3.1.2 Inference

The problem is to estimate (see Estimation: point and interval) the transi-
tion probabilities, p(-), either from parsed data (examples from W) or just
from sentences (examples from L¢g). Consider first the case of parsed data
(“supervised learning”), and let 11,19, ..., 19, € ¥ be a sequence taken iid
according to P. If f(A — a;) is the counting function, counting the num-
ber of times transition A — a € R occurs in 1, then the likelihood function
(see Likelihood) is

L=Lp;t,... .10 = ﬁ H p(A bB)f(A_’a§"/)i) (2)

i=1 A—a€R

The maximum likelihood estimate is, sensibly, the relative frequency estima-

tor:
1 f(A Qa; %‘) (3)
Sic1 g st Amper S (A Bii)

The problem of estimating p from sentences (“unsupervised learning”)
is more interesting, and more important for applications. Recall that < (1)
is the yield of 1, i.e. the sequence of terminals in . Given a sentence
w T, let U, be the set of parses which yield w: ¥,, =1¢ W< (¢) =
wy . Imagine a sequence 1, ...,1,, iid according to P, for which only the
corresponding yields, w; = < (¢;) 1. ¢, mn, are observed. The likelihood
function is

L= Lp;wy,...,w,) = ﬁ S I pA a)fdmew) (4)

i=119)€V,,; A—a€R

pA  a)=

9



As is usual with hidden data, there is an EM-type iteration for climbing the
likelihood surface—see Baum (1972) and Dempster et al. (1977):

_ ?:1 Ef)t [f(A a; w)”’w \Pwi]
ZA—>[3€R Y1 Ej, [f(A B; w>”’f¢ \I’wi]

Needless to say, nothing can be done with this unless we can actually eval-
uate, in a computationally feasible way, expressions like E3[f(A  a;¢)wp
U,]. This is one of several closely related computational problems that are
part of the mechanics of working with regular grammars.

(5)

pr(A a)

3.1.3 Computation

A sentence w T is souvke by finding a sequence of productions A bB
R which yield w. Depending on the grammar, this corresponds more or less
to an wowiusunwwro of w. Often, there are many parses and we say that w
is ambiguous. In such cases, if there is a probability p on R then there is a
probability P on ¥, and a reasonably compelling choice of parse is the most
likely parse:

arg max P(1)) (6)

YeTy

This is the p orp xp o srvwurue (MAP) estimate of ¢—obviously it mini-
mizes the probability of error under the distribution P. (Of course, in those
cases in which (6) is small, P does little to make w unambiguous.)

What is the probability of w? How are its parses computed? How is
the most likely parse computed? These computational issues turn out to be
more-or-less the same as the issue of computing E5[f(A  a;¥)wp U,
that came up in our discussion of inference. The basic structure and cost
of the computational algorithm is the same for each of the four problems—
compute the probability of w, compute the set of parses, compute the best
parse, compute Ej. In particular, there is a simple dynamic programming
solution to each of these problems, and in each case the complexity is of the
order ncvRwm where n is the length of w, and wRmis the number of productions
in G—see Jelinek (1997), Geman and Johnson (2000). The existence of a
dynamic programming principle for regular grammars is a primary reason
for their central role in state-of-the-art speech recognition systems.

10



3.2 Context-free grammars

Despite the successes of regular grammars in speech recognition, the problems
of language x ocruvwocios and woovowre are generally better addressed with
the more structured and more powerful context-free grammars. Following our
development of probabilistic regular grammars in the previous section, we will
address here the inter-related issues of fitting context-free grammars with
probability distributions, estimating the parameters of these distributions,
and computing various functionals of these distributions.

The context-free grammars G = (T, N, S, R) have rules of the form A
a,a (N> T)T, as discussed previously in 2. There is again a normal form,
known as the Chomsky normal form, which is particularly convenient when
developing probabilistic versions. Specifically, one can always find a context-
free grammar G’, with all productions of the form A BC or A a,
A, B,C, N, a T, which produces the same language as GG: L = Lg.
Henceforth, we will assume that context-free grammars are in the Chomsky
normal form.

3.2.1 Probabilities

The goal is to put a probability distribution on the set of parse trees generated
by a context-free grammar in Chomsky normal form. Ideally, the distribution
will have a convenient parametric form, that allows for efficient inference and
computation.

Recall from [ 2 that context-free grammars generate labeled, ordered trees.
Given sets of nonterminals N and terminals 7', let U be the set of finite trees
with:

(a) root node labeled S;
(b) leaf nodes labeled with elements of T';
(c) interior nodes labeled with elements of N;

(d) every nonterminal (interior) node having either two children labeled with
nonterminals or one child labeled with a terminal.

Every 1 W defines a sentence w  TT: read the labels off of the terminal
nodes of ¢ from left to right. Consistent with the notation of [ 3.1, we write
< (1) = w. Conversely, every sentence w T defines a subset of ¥, which

11



we denote by U, consisting of all ¢ with yield w (< (¢)) = w). A context-
free grammar G defines a subset of U, W, whose collection of yields is
the language, L, of G. We seek a probability distribution P on ¥ which
concentrates on V.

The time-honored approach to probabilistic context-free grammars is
through the production probabilities p: R [0, 1], with

>, pA a)=1 (7)

aeN2UT
s.t. (A—a)ER

Following the development in 3.1, we introduce a counting function f(A

a; 1)), which counts the number of instances of the rule A « in the tree
¥, i.e. the number of nonterminal nodes A whose daughter nodes define,
left-to-right, the string a. Through f, p induces a probability P on V:

PW)= I »A o)z (8)

(A—a)ER

It is clear enough that P concentrates on V¢, and we shall see shortly that
this parameterization, in terms of products of probabilities p, is particularly
workable and convenient. The pair, G and P, is known as a probabilistic
context-free grammar, or PCFG for short. (Notice the connection to branch-
ing processes—Harris (1963): Starting at S, use R, and the associated prob-
abilities p(c), to expand nodes into daughter nodes until all leaf nodes are
labeled with terminals—i.e., with elements of 7'.)

3.2.2 Inference

As with probabilistic regular grammars, the production probabilities of a
context-free grammar, which amount to a parameterization of the distribu-
tion P on Vg, can be estimated from examples. In one scenario, we have
access to a sequence 1, ..., 1, from ¥g under P. This is “supervised learn-
ing,” in the sense that sentences come equipped with parses. More practical is
the problem of “unsupervised learning,” wherein we observe only the yields,
< (¥1),- o< ().

In either case, the treatment of maximum likelihood estimation is essen-
tially identical to the treatment for regular grammars. In particular, the
likelihood for fully observed data is again (2), and the maximum likelihood

12



estimator is again the relative frequency estimator (3). And, in the unsuper-
vised case, the likelihood is again (4) and this leads to the same EM-type
iteration given in (5).

3.2.3 Computation

There are again four basic computations: find the probability of a sentence
w Tt findavy VU (orfindowy V) satisfying < (¢) = w (“parsing”);
find
arg max P(1)

pew S.1.

Y(@)=w
(“maximum o srvwiurul” or “optimal” parsing); compute expectations of the
form B, [f(A  o;¢)wp W, that arise in iterative estimation schemes like
(5). The four computations turn out to be more-or-less the same, as was the
case for regular grammars (1 3.1.3), and there is again a common dynamic-
programming-like solution—see Lari and Young (1990, 1991), Geman and
Johnson (2000).

3.3 Gibbs distributions

There are many ways to generalize. The coverage of a context-free gram-
mar may be inadequate, and we may hope, therefore, to find a workable
scheme for placing probabilities on context-sensitive grammars, or perhaps
even more general grammars. Or, it may be preferable to maintain the struc-
ture of a context-free grammar, especially because of its dynamic program-
ming principle, and instead generalize the class of probability distributions
away from those induced (parameterized) by production probabilities. But
nothing comes for free. Most efforts to generalize run into nearly intractable
computational problems when it comes time to parse or to estimate param-
eters.

Many computational linguists have experimented with using Gibbs distri-
butions, popular in statistical physics, to go beyond production-based prob-
abilities, while nevertheless preserving the basic context-free structure. Next
we take a brief look at this particular formulation, in order to illustrate the
various challenges that accompany efforts to generalize the more standard
probabilistic grammars.

13



3.3.1 Probabilities

The sample space is V¢, the set of trees generated by a context-free gram-
mar (. Gibbs measures are built from sums of more-or-less simple func-
tions, known as “potentials” in statistical physics, defined on the sample
space. In linguistics, it is more natural to call these iwowcunv rather than
potentials. Suppose, then, that we have identified M linguistically salient
features fi,..., far, where fir : Uq R, through which we will characterize
the fitness or appropriateness of a structure v  Wqg. More specifically, we
will construct a class of probabilities on W which depend on v Vg only
through f1(¢), ..., fu(¥). Examples of features are the number of times a
particular production occurs, the number of words in the yield, various mea-
sures of subject-verb agreement, and the number of embedded or independent
clauses.
Gibbs distributions have the form

1 M
Py(rp) = - Xp > 0 fi(v)s (9)
i=1
where 6, ...,0,, are parameters, to be adjusted “by hand” or inferred from

data, § = (01 ...,05), and where Z = Z(0) (known as the “partition func-
tion” ) normalizes so that Py(W¥) = 1. Evidently, we need to assume or ensure
that >°,cq,, expi S M0 fi(v)s < . For instance, we had better require that
0y <0if M =1 and fi1(¢) = w (¢)m (the number of words in a sentence),
unless of course Wl gm <

Relation to Probabilistic Context-Free Grammars. Gibbs distribu-
tions are much more general than probabilistic context-free grammars. In or-

der to recover PCFG’s, consider the special feature set 1 f(A  a;9)s A—acr:
The Gibbs distribution (9) takes on the form

Pe(w)=le><pl Yo baaf(A ;) (10)

Z A—a€R

Evidently, then, we get the probabilistic context-free grammars by taking
Oa—a = log,p(A a), where p is a system of production probabilities
consistent with (7), in which case Z = 1. But is (10) ¢ run suonuo! Are
there probabilities on V¢ of this form that are not PCFGs? The answer
turns out to be no, as was shown by Chi (1999) and Abney et al. (1999):
Given a probability distribution P on W¢ of the form of (10), there always
exists a system of production probabilities p under which P is a PCFG.
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3.3.2 Inference

The feature set 1 fj3;-1,. am can be accommodate arbitrary linguistic at-
tributes and constraints, and the Gibbs model (9), therefore, has great
promise as an accurate measure of linguistic fitness. But the model de-
pends critically on the parameters 6,3 ;=1 . s, and the associated estimation
problem is, unfortunately, very hard. Indeed, the problem of unsupervised
learning appears to be all but intractable.

Let us suppose, then, that we observe 1,1, ..., 10, Ve (“super-
vised learning”), iid according to FPp. In general, the likelihood function,
[17_, Py(¢);), is more or less impossible to maximize. But if the primary goal
is to select good parses, then perhaps the likelihood function asks for too
much, or even the wrong thing. It might be more relevant to maximize the
likelihood of the observed parses, sivho wn vty < (1), ..., < (Un):

n

T Pooame (v4)) (11)

i=1

Maximization of (11) is an instance of Besag’s remarkably effective svuxcr
annakrre P Hwre (Besag, 1974, 1975), which is commonly used for estimating
parameters of Gibbs distributions. The computations involved are generally
much easier than what is involved in maximizing the ordinary likelihood func-
tion. Take a look at the gradient of the logarithm of (11): the #; component
is proportional to

1 & 1 &

2B S B (1) =< (W) (12)

i=1

and Ey[f;()w ()] can be computed directly from the set of parses of the
sentence < (). (In practice there is often massive ambiguity, and the number
of parses may be too large to feasibly consider. Such cases require some form
of pruning or approximation.)

Thus gradient ascent of the pseudolikelihood function is (at least ap-
proximately) computationally feasible. This is particularly useful since the
Hessian of the logarithm of the pseudolikelihood function is non-positive, and
therefore there are no local maxima. What’s more, under mild conditions
pseudolikelihood estimators (i.e. maximizers of (11)) are consistent (Chi,
1998).

15



References

Abney, Steven, David McAllester, and Fernando Pereira. 1999. Relating
probabilistic grammars and automata. In s urruHeLQIV RI vkH W § QoxDO
0 HHWQJ RI WKH $ VVRFLDWRQ IRU & RP SXWWRQDO/ LQJXLVWFV, Pages 542*549,

San Francisco. Morgan Kaufmann.

Baum, L.E. 1972. An inequality and associated maximization techniques in
statistical estimation of probabilistic functions of Markov processes. o

HTXDawHv, 3:1-8.

Besag, J. 1974. Spatial interaction and the statistical analysis of lattice
systems (With diSCllSSiOl’l). - RXUQDORI WKH 5 R\ DO6 WDW.VWFDO 6 RFLHW 6 HULHV

1, 36:192-236.

Besag, J. 1975. Statistical analysis of non-lattice data. 7 kn s wwvwripg, 24:
179-195.

Chi, Zhiyi. 1998. s urepELaw o RGHO/ IRU & RP sai[ 6\ vwip v. PhD thesis,
Brown University.

Chi, Zhiyi. 1999. Statistical properties of probabilistic context-free gram-
mars. & RP SXWWRQDO/ LQJXLVWFV, 25(1)2131*160.

Chomsky, Noam. 1957. 6\ ewrwr s wxrwuiv. Mouton, The Hague.

Dempster, A., N. Laird, and D. Rubin. 1977. Maximum likelihood from
incomplete data Via the EM algorithm. -RXUQDORI WH 5 R\'DO 6 WDWVWFDO

6 RFLHW 6 HULHV % , 39:1-38.
Fu, K. S 1974 6\ QWWFWF 0 HWRGVY LQ 3 DWAHUQ 5 HFRJQLWRQ. Academic PI“GSS.

Fll, K. S 1982. 6\ QWWFWF 3 DWAHUQ 5 HFRIJQLWRQ DQG $ SSAFDWRQV. Prentice—

Hall.

Gazdar, Gerald, Ewan Klein, Geoffrey Pullum, and Ivan Sag. 1985. « nowu
DQ] HG 3 KUDVH 6 WXFWUH * UDP P DU. Basil Blackwell, Oxford.

Geman, Stuart and Mark Johnson. 2000. Probability and statistics in compu-
tational linguistics, a brief review. Internal publication, Division of Applied
Mathematics, Brown University.

16



Harris, T. E. 1963. 7 k1 7 KHRU\ RI % UDQFKLQJ 3 URFHVVHV. Springer, Berlin.

Hopcroft, John E. and Jeffrey D. Ullman. 1979.  owrexrFwro w $ xwrP DW
7 KHRU\ / DQJXDJHV DQG & RP SXWWRQ. AddiSOH—WGSley.

Jelinek, Frederick. 1997 6 WWOWWWFDO 0 HWKRGV IRU 6 SHHFK 5 HFRJQLWRQ. The
MIT Press, Cambridge, Massachusetts.

Kaplan, Ronald M. and Joan Bresnan. 1982. Lexical-Functional Grammar:
A formal system for grammatical representation. In Joan Bresnan, editor,

7 KH 0 HQWO 5 HSUHVHQWWRQ RI * UDP P DWFDO 5 HOWRQV, Chapter 4, pages

173-281. The MIT Press.

Kay, Martin, Jean Mark Gavron, and Peter Norvig. 1994. o nuer rewo o
WDQVMWRQ V\ VWHP IRU IDFH WR IDFH GLD@®RIJ . CSLI Press, Stanford, California.

Lari, K. and S.J. Young. 1990. The estimation of Stochastic Context-Free
Grammars using the Inside-Outside algorithm. « rp sxwu 6 sHHFk Do6 1 Do
JXDJH, 4(35—56)

Lari, K. and S.J. Young. 1991. Applications of Stochastic Context-Free
Grammars using the Inside-Outside algorithm. &« rp sxwu 6 shHFk Do6 1 Do
axoan, D:237-257.

Pollard, Carl and Ivan A Sag. 1987. ,QIRUP DWRQ EDVHG 6\ QW[ DQG 6 HP DQ
wrv. Number 13 in CSLI Lecture Notes Series. Chicago University Press,
Chicago.

Shieber, Stuart M. 1986. $ Q ,QWRGXFWRQ W 8 QLn FDWRQ EDVHG $ SSURDFKHV WR
« uwr p pu. CSLI Lecture Notes Series. Chicago University Press, Chicago.

17



