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* LV D OHIW�OLQHDU JUDPPDU Lm * LV F R Q WH [ W� I UH H D Q G n � WK H ULJ K W� K D Q G VLG H

R I WK H S UR G X F WLR Q � LV H LWK H U R I WK H I R UP $ Z R U R I WK H I R UP Z Z K H UH $ � 1

D Q G Z � 7
�

� LQ D ULJKW�OLQHDU JUDPPDU n D OZ D \ V LV R I WK H I R UP Z $ R U Z � $

ULJ K W R U OH I W� OLQ H D U J UD P P D U LV F D OOH G D UHJXODU J UD P P D U� *
�

� LQ ( [ D P S OH � �

LV F R Q WH [ W VH Q VLWLY H D Q G F R Q WH [ W I UH H �

, W LV VWUD LJ K W� I R UZ D UG WR VK R Z WK D W WK H F OD VVH V R I OD Q J X D J H V J H Q H UD WH G E \

WK H VH F OD VVH V R I J UD P P D UV VWD Q G LQ VWULF W H T X D OLW\ R U VX E VH W UH OD WLR Q VK LS V�

6 S H F Ln F D OO\ � WK H F OD VV R I OD Q J X D J H V J H Q H UD WH G E \ ULJ K W� OLQ H D U J UD P P D UV LV WK H

VD P H D V WK H F OD VV J H Q H UD WH G E \ OH I W� OLQ H D U J UD P P D UV� WK LV F OD VV LV F D OOH G WK H

UHJXODU ODQJXDJHV� D Q G LV D VWULF W VX E VH W R I WK H F OD VV R I OD Q J X D J H V J H Q H UD WH G

E \ F R Q WH [ W� I UH H J UD P P D UV� Z K LF K LV D VWULF W VX E VH W R I WK H F OD VV R I OD Q J X D J H V

J H Q H UD WH G E \ F R Q WH [ W� VH Q VLWLY H J UD P P D UV� Z K LF K LQ WX UQ LV D VWULF W VX E VH W R I

WK H F OD VV R I OD Q J X D J H V J H Q H UD WH G E \ UH Z ULWH J UD P P D UV�

, W WX UQ V R X W WK D W F R Q WH [ W� VH Q VLWLY H J UD P P D UV � Z K H UH D S UR G X F WLR Q UH Z ULWH V

P R UH WK D Q R Q H Q R Q WH UP LQ D O� K D Y H Q R W K D G P D Q \ D S S OLF D WLR Q V LQ Q D WX UD O

OD Q J X D J H S UR F H VVLQ J � VR I UR P K H UH R Q Z H Z LOO F R Q F H Q WUD WH R Q F R Q WH [ W� I UH H

J UD P P D UV� Z K H UH D OO S UR G X F WLR Q V WD N H WK H I R UP $ � n � Z K H UH $ � 1 D Q G

n � � 1 > 7 �
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$ Q D S S H D OLQ J S UR S H UW\ R I J UD P P D UV Z LWK S UR G X F WLR Q V LQ WK LV I R UP LV WK D W

WK H \ LQ G X F H WUH H VWUX F WX UH V R Q WK H VWULQ J V WK D W WK H \ J H Q H UD WH � $ Q G � D V 6 H F WLR Q

� VK R Z V� WK LV LV WK H E D VLV I R U E ULQ J LQ J LQ S UR E D E LOLW\ G LVWULE X WLR Q V D Q G WK H

WK H R U\ R I LQ I H UH Q F H � : H VD \ WK D W WK H F R Q WH [ W� I UH H J UD P P D U *  � 7 � 1 � 6 � 5 �

J H Q H UD WH V WK H OD E H OOH G � R UG H UH G WUH H ‚ Lm WK H UR R W Q R G H R I ‚ LV OD E H OOH G 6 �

D Q G I R U H D F K Q R G H Q LQ ‚ � H LWK H U Q K D V Q R F K LOG UH Q D Q G LWV OD E H O LV D P H P E H U

R I 7 � L� H � � LW LV OD E H OOH G Z LWK D WH UP LQ D O� R U H OVH WK H UH LV D S UR G X F WLR Q $ �

n � 5 Z K H UH WK H OD E H O R I Q LV $ D Q G WK H OH I W� WR � ULJ K W VH T X H Q F H R I OD E H OV R I
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 V LP P H G LD WH F K LOG UH Q LV n � , W LV VWUD LJ K W I R UZ D UG WR VK R Z WK D W Z LV LQ / � Lm

* J H Q H UD WH V D WUH H ‚ Z K R VH \LHOG � L� H � � WK H OH I W� WR � ULJ K W VH T X H Q F H R I WH UP LQ D O

V\ P E R OV OD E H OOLQ J ‚ 
 V OH D I Q R G H V� LV Z � ‚ LV F D OOH G D SDUVH WUHH R I Z � Z LWK
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�
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([DPSOH � �FRQWLQXHG�� 7KH JUDPPDU * � GHnQHG DERYH JHQHUDWHV WKH IROORZ�
LQJ WZR WUHHV� � � DQG � � �

6

13 93

ULFH JURZV

6

13 93

ZKHDW JURZV

� �  � �  

,Q WKLV H[DPSOH� < �� � �  U LF H J UR Z V DQG < �� � �  Z K HD W J UR Z V�

$ VWULQ J R I WH UP LQ D OV Z LV F D OOH G DPELJXRXV Lm Z K D V WZ R R U P R UH S D UVH WUH H V�

/ LQ J X LVWLF D OO\ � H D F K S D UVH WUH H R I D Q D P E LJ X R X V VWULQ J X VX D OO\ F R UUH VS R Q G V WR

D G LVWLQ F W LQ WH US UH WD WLR Q �

([DPSOH �� &RQVLGHU * �  �7 � � 1 � � 6� 5 � �� ZKHUH 7 �  I ,� VDZ� WKH�PDQ�ZLWK�
WHOHVFRSHJ � 1 �  I 6�13�1�'HW�93�9�33�3J DQG 5 �  I 6 � 1393�13 �

,�13 � 'HW1�'HW � WKH�1 � 133�1 � PDQ�1 � WHOHVFRSH�93 � 913�93 �

9333�33 � 313�9 � VDZ�3 � ZLWKJ � ,QIRUPDOO\� 1 UHZULWHV WR QRXQV� 'HW
WR GHWHUPLQHUV� 9 WR YHUEV� 3 WR SUHSRVLWLRQV DQG 33 WR SUHSRVLWLRQDO SKUDVHV� ,W
LV HDV\ WR FKHFN WKDW WKH WZR WUHHV � � DQG � � ZLWK WKH \LHOGV < �� � �  < �� � �  
, V D Z WK H P D Q Z LWK WK H WH OH V F R S H DUH ERWK JHQHUDWHG E\ * � � /LQJXLVWLFDOO\� WKHVH
WZR SDUVH WUHHV UHSUHVHQW WZR GLmHUHQW V\QWDFWLF DQDO\VHV RI WKH VHQWHQFH� 7KH
nUVW DQDO\VLV FRUUHVSRQGV WR WKH LQWHUSUHWDWLRQ ZKHUH WKH VHHLQJ LV E\ PHDQV RI D
WHOHVFRSH� ZKLOH WKH VHFRQG FRUUHVSRQGV WR WKH LQWHUSUHWDWLRQ ZKHUH WKH PDQ KDV
D WHOHVFRSH�
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2 E Y LR X VO\ E UR D G F R Y H UD J H LV G H VLUD E OH _ Q D WX UD O OD Q J X D J H LV ULF K D Q G G LY H UVH �

D Q G Q R W H D VLO\ K H OG WR D VP D OO VH W R I UX OH V� % X W LW LV K D UG WR D F K LH Y H E UR D G

F R Y H UD J H Z LWK R X W P D VVLY H D P E LJ X LW\ � D VH Q WH Q F H P D \ K D Y H WH Q V R I WK R X VD Q G V

R I S D UVH V� � D Q G WK LV R I F R X UVH F R P S OLF D WH V D S S OLF D WLR Q V OLN H OD Q J X D J H LQ WH US UH �

WD WLR Q � OD Q J X D J H WUD Q VOD WLR Q � D Q G VS H H F K UH F R J Q LWLR Q � 7 K LV LV WK H G LOH P P D

R I F R Y H UD J H WK D W Z H UH I H UUH G WR H D UOLH U� D Q G LW VH WV X S D F R P S H OOLQ J UR OH I R U

S UR E D E LOLVWLF D Q G VWD WLVWLF D O P H WK R G V�

: H E ULH o \ UH Y LH Z WK H P D LQ S UR E D E LOLVWLF J UD P P D UV D Q G WK H LU D VVR F LD WH G

WK H R ULH V R I LQ I H UH Q F H � : H E H J LQ LQ [ � � � Z LWK S UR E D E LOLVWLF UH J X OD U J UD P P D UV�

D OVR N Q R Z Q D V K LG G H Q 0 D UN R Y P R G H OV � + 0 0 � � Z K LF K D UH WK H I R X Q G D WLR Q R I

P R G H UQ VS H H F K UH F R J Q LWLR Q V\ VWH P V_ VH H - H OLQ H N � � � � � � I R U D VX UY H \ � D Q G VH H

) D F WR U D Q D O\ V LV D Q G OD WH Q W V WUX F WX UH � K LG G H Q 0 D UN R Y P R G H OV� Q H X UD O Q H WZ R UN V �

D Q G P L[ WX UH V R I H [ S H UWV LQ WK LV H Q F \ F OR S H G LD �

, Q [ � � � Z H G LVF X VV S UR E D E LOLVWLF F R Q WH [ W� I UH H J UD P P D UV� Z K LF K WX UQ R X W WR

E H H VVH Q WLD OO\ WK H VD P H WK LQ J D V E UD Q F K LQ J S UR F H VVH V� ) LQ D OO\ � LQ [ � � � � Z H WD N H

D P R UH J H Q H UD O D S S UR D F K WR S OD F LQ J S UR E D E LOLWLH V R Q J UD P P D UV� Z K LF K OH D G V WR

* LE E V G LVWULE X WLR Q V� D UR OH I R U % H VD J 
 V S VH X G R OLN H OLK R R G P H WK R G � % H VD J � � � � � �

� � � � � � Y D ULR X V F R P S X WD WLR Q D O LVVX H V� D Q G � D OO LQ D OO� D Q D F WLY H D UH D R I UH VH D UF K

LQ F R P S X WD WLR Q D O OLQ J X LVWLF V�
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����� ,QIHUHQFH

7KH SUREOHP LV WR HVWLPDWH �VHH (VWLPDWLRQ� SRLQW DQG LQWHUYDO� WKH WUDQVL�
WLRQ SUREDELOLWLHV� S�c�� HLWKHU IURP SDUVHG GDWD �H[DPSOHV IURP k � � RU MXVW
IURP VHQWHQFHV �H[DPSOHV IURP / � �� &RQVLGHU nUVW WKH FDVH RI SDUVHG GDWD
�?VXSHUYLVHG OHDUQLQJ��� DQG OHW � � � � � � � � � � � � � k EH D VHTXHQFH WDNHQ LLG
DFFRUGLQJ WR 3 � ,I I�$� m��� LV WKH FRXQWLQJ IXQFWLRQ� FRXQWLQJ WKH QXP�
EHU RI WLPHV WUDQVLWLRQ $� m � 5 RFFXUV LQ �� WKHQ WKH OLNHOLKRRG IXQFWLRQ
�VHH /LNHOLKRRG� LV

/  /�S�� � � � � � � � � �  
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��� �
<
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��� S�$ � E%�
����� ��
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7KH PD[LPXP OLNHOLKRRG HVWLPDWH LV� VHQVLEO\� WKH UHODWLYH IUHTXHQF\ HVWLPD�
WRU�

AS�$ � m�  
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�
�
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�
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7KH SUREOHP RI HVWLPDWLQJ S IURP VHQWHQFHV �?XQVXSHUYLVHG OHDUQLQJ��
LV PRUH LQWHUHVWLQJ� DQG PRUH LPSRUWDQW IRU DSSOLFDWLRQV� 5HFDOO WKDW < ���
LV WKH \LHOG RI �� L�H� WKH VHTXHQFH RI WHUPLQDOV LQ �� *LYHQ D VHQWHQFH
Z � 7 ) � OHW k * EH WKH VHW RI SDUVHV ZKLFK \LHOG Z� k *  I � � k � < ���  
ZJ � ,PDJLQH D VHTXHQFH �

�
� � � � � � � � LLG DFFRUGLQJ WR 3 � IRU ZKLFK RQO\ WKH

FRUUHVSRQGLQJ \LHOGV� Z
�
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�
� � › L › Q� DUH REVHUYHG� 7KH OLNHOLKRRG

IXQFWLRQ LV
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$V LV XVXDO ZLWK KLGGHQ GDWD� WKHUH LV DQ (0�W\SH LWHUDWLRQ IRU FOLPELQJ WKH
OLNHOLKRRG VXUIDFH_VHH %DXP ������ DQG 'HPSVWHU HW DO� �������

AS � )
�
�$ � m�  

3 ���� �
( ���� >I�$ � m���M� � k * � @

3 � � " ��� 3 ��!� � ( ���� >I�$ � n���M� � k * � @ ���

1HHGOHVV WR VD\� QRWKLQJ FDQ EH GRQH ZLWK WKLV XQOHVV ZH FDQ DFWXDOO\ HYDO�
XDWH� LQ D FRPSXWDWLRQDOO\ IHDVLEOH ZD\� H[SUHVVLRQV OLNH ( �� >I�$ � m���M� �

k * @� 7KLV LV RQH RI VHYHUDO FORVHO\ UHODWHG FRPSXWDWLRQDO SUREOHPV WKDW DUH
SDUW RI WKH PHFKDQLFV RI ZRUNLQJ ZLWK UHJXODU JUDPPDUV�

����� &RPSXWDWLRQ

$ VHQWHQFH Z � 7 ) LV S D UV HG E\ nQGLQJ D VHTXHQFH RI SURGXFWLRQV $ � E% �

5 ZKLFK \LHOG Z� 'HSHQGLQJ RQ WKH JUDPPDU� WKLV FRUUHVSRQGV PRUH RU OHVV
WR DQ LQ WH US UH WD WLR Q RI Z� 2IWHQ� WKHUH DUH PDQ\ SDUVHV DQG ZH VD\ WKDW Z
LV DPELJXRXV� ,Q VXFK FDVHV� LI WKHUH LV D SUREDELOLW\ S RQ 5 WKHQ WKHUH LV D
SUREDELOLW\ 3 RQ k� DQG D UHDVRQDEO\ FRPSHOOLQJ FKRLFH RI SDUVH LV WKH PRVW
OLNHO\ SDUVH�

DUJ PD[�	� ,.- 3 ��� ���

7KLV LV WKH P D [ LP X P D S R V WH ULR UL �0$3� HVWLPDWH RI �_REYLRXVO\ LW PLQL�
PL]HV WKH SUREDELOLW\ RI HUURU XQGHU WKH GLVWULEXWLRQ 3 � �2I FRXUVH� LQ WKRVH
FDVHV LQ ZKLFK ��� LV VPDOO� 3 GRHV OLWWOH WR PDNH Z XQDPELJXRXV��
:KDW LV WKH SUREDELOLW\ RI Z" +RZ DUH LWV SDUVHV FRPSXWHG" +RZ LV

WKH PRVW OLNHO\ SDUVH FRPSXWHG" 7KHVH FRPSXWDWLRQDO LVVXHV WXUQ RXW WR EH
PRUH�RU�OHVV WKH VDPH DV WKH LVVXH RI FRPSXWLQJ ( �� >I�$ � m���M� � k * @
WKDW FDPH XS LQ RXU GLVFXVVLRQ RI LQIHUHQFH� 7KH EDVLF VWUXFWXUH DQG FRVW
RI WKH FRPSXWDWLRQDO DOJRULWKP LV WKH VDPH IRU HDFK RI WKH IRXU SUREOHPV_
FRPSXWH WKH SUREDELOLW\ RI Z� FRPSXWH WKH VHW RI SDUVHV� FRPSXWH WKH EHVW
SDUVH� FRPSXWH ( �� � ,Q SDUWLFXODU� WKHUH LV D VLPSOH G\QDPLF SURJUDPPLQJ
VROXWLRQ WR HDFK RI WKHVH SUREOHPV� DQG LQ HDFK FDVH WKH FRPSOH[LW\ LV RI WKH
RUGHU Q c M5M� ZKHUH Q LV WKH OHQJWK RI Z� DQG M5M LV WKH QXPEHU RI SURGXFWLRQV
LQ *_VHH -HOLQHN ������� *HPDQ DQG -RKQVRQ ������� 7KH H[LVWHQFH RI D
G\QDPLF SURJUDPPLQJ SULQFLSOH IRU UHJXODU JUDPPDUV LV D SULPDU\ UHDVRQ
IRU WKHLU FHQWUDO UROH LQ VWDWH�RI�WKH�DUW VSHHFK UHFRJQLWLRQ V\VWHPV�

��



��� &RQWH[W�IUHH JUDPPDUV

'HVSLWH WKH VXFFHVVHV RI UHJXODU JUDPPDUV LQ VSHHFK UHFRJQLWLRQ� WKH SUREOHPV
RI ODQJXDJH X Q G H UV WD Q G LQ J DQG WUD Q VOD WLR Q DUH JHQHUDOO\ EHWWHU DGGUHVVHG ZLWK
WKH PRUH VWUXFWXUHG DQG PRUH SRZHUIXO FRQWH[W�IUHH JUDPPDUV� )ROORZLQJ RXU
GHYHORSPHQW RI SUREDELOLVWLF UHJXODU JUDPPDUV LQ WKH SUHYLRXV VHFWLRQ� ZH ZLOO
DGGUHVV KHUH WKH LQWHU�UHODWHG LVVXHV RI nWWLQJ FRQWH[W�IUHH JUDPPDUV ZLWK
SUREDELOLW\ GLVWULEXWLRQV� HVWLPDWLQJ WKH SDUDPHWHUV RI WKHVH GLVWULEXWLRQV�
DQG FRPSXWLQJ YDULRXV IXQFWLRQDOV RI WKHVH GLVWULEXWLRQV�
7KH FRQWH[W�IUHH JUDPPDUV *  �7�1� 6�5� KDYH UXOHV RI WKH IRUP $ �

m� m � �1 > 7 � ) � DV GLVFXVVHG SUHYLRXVO\ LQ [ �� 7KHUH LV DJDLQ D QRUPDO IRUP�
NQRZQ DV WKH &KRPVN\ QRUPDO IRUP� ZKLFK LV SDUWLFXODUO\ FRQYHQLHQW ZKHQ
GHYHORSLQJ SUREDELOLVWLF YHUVLRQV� 6SHFLnFDOO\� RQH FDQ DOZD\V nQG D FRQWH[W�
IUHH JUDPPDU *

�
� ZLWK DOO SURGXFWLRQV RI WKH IRUP $ � %& RU $ � D�

$�%�&� � 1� D � 7 � ZKLFK SURGXFHV WKH VDPH ODQJXDJH DV *� / ���  / � �
+HQFHIRUWK� ZH ZLOO DVVXPH WKDW FRQWH[W�IUHH JUDPPDUV DUH LQ WKH &KRPVN\
QRUPDO IRUP�

����� 3UREDELOLWLHV

7KH JRDO LV WR SXW D SUREDELOLW\ GLVWULEXWLRQ RQ WKH VHW RI SDUVH WUHHV JHQHUDWHG
E\ D FRQWH[W�IUHH JUDPPDU LQ &KRPVN\ QRUPDO IRUP� ,GHDOO\� WKH GLVWULEXWLRQ
ZLOO KDYH D FRQYHQLHQW SDUDPHWULF IRUP� WKDW DOORZV IRU HpFLHQW LQIHUHQFH DQG
FRPSXWDWLRQ�
5HFDOO IURP [ � WKDW FRQWH[W�IUHH JUDPPDUV JHQHUDWH ODEHOHG� RUGHUHG WUHHV�

*LYHQ VHWV RI QRQWHUPLQDOV 1 DQG WHUPLQDOV 7 � OHW k EH WKH VHW RI nQLWH WUHHV
ZLWK�

�D� URRW QRGH ODEHOHG 6�

�E� OHDI QRGHV ODEHOHG ZLWK HOHPHQWV RI 7 �

�F� LQWHULRU QRGHV ODEHOHG ZLWK HOHPHQWV RI 1 �

�G� HYHU\ QRQWHUPLQDO �LQWHULRU� QRGH KDYLQJ HLWKHU WZR FKLOGUHQ ODEHOHG ZLWK
QRQWHUPLQDOV RU RQH FKLOG ODEHOHG ZLWK D WHUPLQDO�

(YHU\ � � k GHnQHV D VHQWHQFH Z � 7 ) � UHDG WKH ODEHOV Rm RI WKH WHUPLQDO
QRGHV RI � IURP OHIW WR ULJKW� &RQVLVWHQW ZLWK WKH QRWDWLRQ RI [ ���� ZH ZULWH
< ���  Z� &RQYHUVHO\� HYHU\ VHQWHQFH Z � 7 ) GHnQHV D VXEVHW RI k� ZKLFK
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ZH GHQRWH E\ k * � FRQVLVWLQJ RI DOO � ZLWK \LHOG Z �< ���  Z�� $ FRQWH[W�
IUHH JUDPPDU * GHnQHV D VXEVHW RI k� k � � ZKRVH FROOHFWLRQ RI \LHOGV LV
WKH ODQJXDJH� / � � RI *� :H VHHN D SUREDELOLW\ GLVWULEXWLRQ 3 RQ k ZKLFK
FRQFHQWUDWHV RQ k � �
7KH WLPH�KRQRUHG DSSURDFK WR SUREDELOLVWLF FRQWH[W�IUHH JUDPPDUV LV
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,W LV FOHDU HQRXJK WKDW 3 FRQFHQWUDWHV RQ k � � DQG ZH VKDOO VHH VKRUWO\ WKDW
WKLV SDUDPHWHUL]DWLRQ� LQ WHUPV RI SURGXFWV RI SUREDELOLWLHV S� LV SDUWLFXODUO\
ZRUNDEOH DQG FRQYHQLHQW� 7KH SDLU� * DQG 3 � LV NQRZQ DV D SUREDELOLVWLF
FRQWH[W�IUHH JUDPPDU� RU 3&)* IRU VKRUW� �1RWLFH WKH FRQQHFWLRQ WR EUDQFK�
LQJ SURFHVVHV_+DUULV ������� 6WDUWLQJ DW 6� XVH 5� DQG WKH DVVRFLDWHG SURE�
DELOLWLHV S�c�� WR H[SDQG QRGHV LQWR GDXJKWHU QRGHV XQWLO DOO OHDI QRGHV DUH
ODEHOHG ZLWK WHUPLQDOV_L�H�� ZLWK HOHPHQWV RI 7 ��
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$V ZLWK SUREDELOLVWLF UHJXODU JUDPPDUV� WKH SURGXFWLRQ SUREDELOLWLHV RI D
FRQWH[W�IUHH JUDPPDU� ZKLFK DPRXQW WR D SDUDPHWHUL]DWLRQ RI WKH GLVWULEX�
WLRQ 3 RQ k � � FDQ EH HVWLPDWHG IURP H[DPSOHV� ,Q RQH VFHQDULR� ZH KDYH
DFFHVV WR D VHTXHQFH �
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� � � � � � � IURP k � XQGHU 3 � 7KLV LV ?VXSHUYLVHG OHDUQ�

LQJ�� LQ WKH VHQVH WKDW VHQWHQFHV FRPH HTXLSSHG ZLWK SDUVHV� 0RUH SUDFWLFDO LV
WKH SUREOHP RI ?XQVXSHUYLVHG OHDUQLQJ�� ZKHUHLQ ZH REVHUYH RQO\ WKH \LHOGV�
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,Q HLWKHU FDVH� WKH WUHDWPHQW RI PD[LPXP OLNHOLKRRG HVWLPDWLRQ LV HVVHQ�

WLDOO\ LGHQWLFDO WR WKH WUHDWPHQW IRU UHJXODU JUDPPDUV� ,Q SDUWLFXODU� WKH
OLNHOLKRRG IRU IXOO\ REVHUYHG GDWD LV DJDLQ ���� DQG WKH PD[LPXP OLNHOLKRRG
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HVWLPDWRU LV DJDLQ WKH UHODWLYH IUHTXHQF\ HVWLPDWRU ���� $QG� LQ WKH XQVXSHU�
YLVHG FDVH� WKH OLNHOLKRRG LV DJDLQ ��� DQG WKLV OHDGV WR WKH VDPH (0�W\SH
LWHUDWLRQ JLYHQ LQ ����
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7KHUH DUH DJDLQ IRXU EDVLF FRPSXWDWLRQV� nQG WKH SUREDELOLW\ RI D VHQWHQFH
Z � 7 ) � nQG D � � k �RU nQG D OO � � k� VDWLVI\LQJ < ���  Z �?SDUVLQJ���
nQG
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�?PD[LPXP D S R V WH ULR UL� RU ?RSWLPDO� SDUVLQJ�� FRPSXWH H[SHFWDWLRQV RI WKH
IRUP ( �� � >I�$ � m���M� � k * @ WKDW DULVH LQ LWHUDWLYH HVWLPDWLRQ VFKHPHV OLNH
���� 7KH IRXU FRPSXWDWLRQV WXUQ RXW WR EH PRUH�RU�OHVV WKH VDPH� DV ZDV WKH
FDVH IRU UHJXODU JUDPPDUV �[ ������� DQG WKHUH LV DJDLQ D FRPPRQ G\QDPLF�
SURJUDPPLQJ�OLNH VROXWLRQ_VHH /DUL DQG <RXQJ ������ ������ *HPDQ DQG
-RKQVRQ �������

��� *LEEV GLVWULEXWLRQV

7KHUH DUH PDQ\ ZD\V WR JHQHUDOL]H� 7KH FRYHUDJH RI D FRQWH[W�IUHH JUDP�
PDU PD\ EH LQDGHTXDWH� DQG ZH PD\ KRSH� WKHUHIRUH� WR nQG D ZRUNDEOH
VFKHPH IRU SODFLQJ SUREDELOLWLHV RQ FRQWH[W�VHQVLWLYH JUDPPDUV� RU SHUKDSV
HYHQ PRUH JHQHUDO JUDPPDUV� 2U� LW PD\ EH SUHIHUDEOH WR PDLQWDLQ WKH VWUXF�
WXUH RI D FRQWH[W�IUHH JUDPPDU� HVSHFLDOO\ EHFDXVH RI LWV G\QDPLF SURJUDP�
PLQJ SULQFLSOH� DQG LQVWHDG JHQHUDOL]H WKH FODVV RI SUREDELOLW\ GLVWULEXWLRQV
DZD\ IURP WKRVH LQGXFHG �SDUDPHWHUL]HG� E\ SURGXFWLRQ SUREDELOLWLHV� %XW
QRWKLQJ FRPHV IRU IUHH� 0RVW HmRUWV WR JHQHUDOL]H UXQ LQWR QHDUO\ LQWUDFWDEOH
FRPSXWDWLRQDO SUREOHPV ZKHQ LW FRPHV WLPH WR SDUVH RU WR HVWLPDWH SDUDP�
HWHUV�
0DQ\ FRPSXWDWLRQDO OLQJXLVWV KDYH H[SHULPHQWHG ZLWK XVLQJ *LEEV GLVWUL�

EXWLRQV� SRSXODU LQ VWDWLVWLFDO SK\VLFV� WR JR EH\RQG SURGXFWLRQ�EDVHG SURE�
DELOLWLHV� ZKLOH QHYHUWKHOHVV SUHVHUYLQJ WKH EDVLF FRQWH[W�IUHH VWUXFWXUH� 1H[W
ZH WDNH D EULHI ORRN DW WKLV SDUWLFXODU IRUPXODWLRQ� LQ RUGHU WR LOOXVWUDWH WKH
YDULRXV FKDOOHQJHV WKDW DFFRPSDQ\ HmRUWV WR JHQHUDOL]H WKH PRUH VWDQGDUG
SUREDELOLVWLF JUDPPDUV�
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7KH VDPSOH VSDFH LV k � � WKH VHW RI WUHHV JHQHUDWHG E\ D FRQWH[W�IUHH JUDP�
PDU *� *LEEV PHDVXUHV DUH EXLOW IURP VXPV RI PRUH�RU�OHVV VLPSOH IXQF�
WLRQV� NQRZQ DV ?SRWHQWLDOV� LQ VWDWLVWLFDO SK\VLFV� GHnQHG RQ WKH VDPSOH
VSDFH� ,Q OLQJXLVWLFV� LW LV PRUH QDWXUDO WR FDOO WKHVH I HD WX UH V UDWKHU WKDQ
SRWHQWLDOV� 6XSSRVH� WKHQ� WKDW ZH KDYH LGHQWLnHG 0 OLQJXLVWLFDOO\ VDOLHQW
IHDWXUHV I
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WKH nWQHVV RU DSSURSULDWHQHVV RI D VWUXFWXUH � � k � � 0RUH VSHFLnFDOO\� ZH
ZLOO FRQVWUXFW D FODVV RI SUREDELOLWLHV RQ k � ZKLFK GHSHQG RQ � � k � RQO\
WKURXJK I
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SDUWLFXODU SURGXFWLRQ RFFXUV� WKH QXPEHU RI ZRUGV LQ WKH \LHOG� YDULRXV PHD�
VXUHV RI VXEMHFW�YHUE DJUHHPHQW� DQG WKH QXPEHU RI HPEHGGHG RU LQGHSHQGHQW
FODXVHV�
*LEEV GLVWULEXWLRQV KDYH WKH IRUP
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5HODWLRQ WR 3UREDELOLVWLF &RQWH[W�)UHH *UDPPDUV� *LEEV GLVWULEX�
WLRQV DUH PXFK PRUH JHQHUDO WKDQ SUREDELOLVWLF FRQWH[W�IUHH JUDPPDUV� ,Q RU�
GHU WR UHFRYHU 3&)*
V� FRQVLGHU WKH VSHFLDO IHDWXUH VHW I I�$ � m���J
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(YLGHQWO\� WKHQ� ZH JHW WKH SUREDELOLVWLF FRQWH[W�IUHH JUDPPDUV E\ WDNLQJ
t � �1
  ORJ � S�$ � m�� ZKHUH S LV D V\VWHP RI SURGXFWLRQ SUREDELOLWLHV
FRQVLVWHQW ZLWK ���� LQ ZKLFK FDVH =  �� %XW LV ���� P R UH J H Q H UD O" $UH
WKHUH SUREDELOLWLHV RQ k � RI WKLV IRUP WKDW DUH QRW 3&)*V" 7KH DQVZHU
WXUQV RXW WR EH QR� DV ZDV VKRZQ E\ &KL ������ DQG $EQH\ HW DO� �������
*LYHQ D SUREDELOLW\ GLVWULEXWLRQ 3 RQ k � RI WKH IRUP RI ����� WKHUH DOZD\V
H[LVWV D V\VWHP RI SURGXFWLRQ SUREDELOLWLHV S XQGHU ZKLFK 3 LV D 3&)*�
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� � FDQ EH DFFRPPRGDWH DUELWUDU\ OLQJXLVWLF DW�
WULEXWHV DQG FRQVWUDLQWV� DQG WKH *LEEV PRGHO ���� WKHUHIRUH� KDV JUHDW
SURPLVH DV DQ DFFXUDWH PHDVXUH RI OLQJXLVWLF nWQHVV� %XW WKH PRGHO GH�
SHQGV FULWLFDOO\ RQ WKH SDUDPHWHUV I t
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� � � DQG WKH DVVRFLDWHG HVWLPDWLRQ
SUREOHP LV� XQIRUWXQDWHO\� YHU\ KDUG� ,QGHHG� WKH SUREOHP RI XQVXSHUYLVHG
OHDUQLQJ DSSHDUV WR EH DOO EXW LQWUDFWDEOH�
/HW XV VXSSRVH� WKHQ� WKDW ZH REVHUYH �
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YLVHG OHDUQLQJ��� LLG DFFRUGLQJ WR 3 � � ,Q JHQHUDO� WKH OLNHOLKRRG IXQFWLRQ�4 ���� �
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�� LV PRUH RU OHVV LPSRVVLEOH WR PD[LPL]H� %XW LI WKH SULPDU\ JRDO

LV WR VHOHFW JRRG SDUVHV� WKHQ SHUKDSV WKH OLNHOLKRRG IXQFWLRQ DVNV IRU WRR
PXFK� RU HYHQ WKH ZURQJ WKLQJ� ,W PLJKW EH PRUH UHOHYDQW WR PD[LPL]H WKH
OLNHOLKRRG RI WKH REVHUYHG SDUVHV� J LY H Q WK H \ LH OG V < ��
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0D[LPL]DWLRQ RI ���� LV DQ LQVWDQFH RI %HVDJ
V UHPDUNDEO\ HmHFWLYH S V H X G R �

OLN H OLK R R G P H WK R G �%HVDJ� ����� ������ ZKLFK LV FRPPRQO\ XVHG IRU HVWLPDWLQJ
SDUDPHWHUV RI *LEEV GLVWULEXWLRQV� 7KH FRPSXWDWLRQV LQYROYHG DUH JHQHUDOO\
PXFK HDVLHU WKDQ ZKDW LV LQYROYHG LQ PD[LPL]LQJ WKH RUGLQDU\ OLNHOLKRRG IXQF�
WLRQ� 7DNH D ORRN DW WKH JUDGLHQW RI WKH ORJDULWKP RI ����� WKH t� FRPSRQHQW
LV SURSRUWLRQDO WR
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DQG ( � >I� ���M< ���@ FDQ EH FRPSXWHG GLUHFWO\ IURP WKH VHW RI SDUVHV RI WKH
VHQWHQFH < ���� �,Q SUDFWLFH WKHUH LV RIWHQ PDVVLYH DPELJXLW\� DQG WKH QXPEHU
RI SDUVHV PD\ EH WRR ODUJH WR IHDVLEO\ FRQVLGHU� 6XFK FDVHV UHTXLUH VRPH IRUP
RI SUXQLQJ RU DSSUR[LPDWLRQ��
7KXV JUDGLHQW DVFHQW RI WKH SVHXGROLNHOLKRRG IXQFWLRQ LV �DW OHDVW DS�

SUR[LPDWHO\� FRPSXWDWLRQDOO\ IHDVLEOH� 7KLV LV SDUWLFXODUO\ XVHIXO VLQFH WKH
+HVVLDQ RI WKH ORJDULWKP RI WKH SVHXGROLNHOLKRRG IXQFWLRQ LV QRQ�SRVLWLYH� DQG
WKHUHIRUH WKHUH DUH QR ORFDO PD[LPD� :KDW
V PRUH� XQGHU PLOG FRQGLWLRQV
SVHXGROLNHOLKRRG HVWLPDWRUV �L�H� PD[LPL]HUV RI ����� DUH FRQVLVWHQW �&KL�
������
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$EQH\� 6WHYHQ� 'DYLG 0F$OOHVWHU� DQG )HUQDQGR 3HUHLUD� ����� 5HODWLQJ
SUREDELOLVWLF JUDPPDUV DQG DXWRPDWD� ,Q 3 UR F HHG LQ J V R I WK H � � WK $ Q Q X D O

0 HH WLQ J R I WK H $ V V R F LD WLR Q I R U & R P S X WD WLR Q D O / LQ J X LV WLF V� SDJHV ���^����
6DQ )UDQFLVFR� 0RUJDQ .DXIPDQQ�

%DXP� /�(� ����� $Q LQHTXDOLW\ DQG DVVRFLDWHG PD[LPL]DWLRQ WHFKQLTXHV LQ
VWDWLVWLFDO HVWLPDWLRQ RI SUREDELOLVWLF IXQFWLRQV RI 0DUNRY SURFHVVHV� , Q �

HT X D OLWLH V� ���^��

%HVDJ� -� ����� 6SDWLDO LQWHUDFWLRQ DQG WKH VWDWLVWLFDO DQDO\VLV RI ODWWLFH
V\VWHPV �ZLWK GLVFXVVLRQ�� - R X UQ D O R I WK H 5 R \ D O 6 WD WLV WLF D O 6 R F LH W\ � 6 H ULH V

' � ������^����

%HVDJ� -� ����� 6WDWLVWLFDO DQDO\VLV RI QRQ�ODWWLFH GDWD� 7 K H 6 WD WLV WLF LD Q � ���
���^����

&KL� =KL\L� ����� 3 UR E D E LOLW\ 0 R G H OV I R U & R P S OH [ 6 \ VWH P V� 3K' WKHVLV�
%URZQ 8QLYHUVLW\�

&KL� =KL\L� ����� 6WDWLVWLFDO SURSHUWLHV RI SUREDELOLVWLF FRQWH[W�IUHH JUDP�
PDUV� & R P S X WD WLR Q D O / LQ J X LV WLF V� ���������^����

&KRPVN\� 1RDP� ����� 6 \ Q WD F WLF 6 WUX F WX UH V� 0RXWRQ� 7KH +DJXH�

'HPSVWHU� $�� 1� /DLUG� DQG '� 5XELQ� ����� 0D[LPXP OLNHOLKRRG IURP
LQFRPSOHWH GDWD YLD WKH (0 DOJRULWKP� - R X UQ D O R I WK H 5 R \ D O 6 WD WLV WLF D O

6 R F LH W\ � 6 H ULH V % � ����^���

)X� .� 6� ����� 6 \ Q WD F WLF 0 H WK R G V LQ 3 D WWH UQ 5 HF R J Q LWLR Q � $FDGHPLF 3UHVV�

)X� .� 6� ����� 6 \ Q WD F WLF 3 D WWH UQ 5 HF R J Q LWLR Q D Q G $ S S OLF D WLR Q V� 3UHQWLFH�
+DOO�

*D]GDU� *HUDOG� (ZDQ .OHLQ� *HRmUH\ 3XOOXP� DQG ,YDQ 6DJ� ����� * H Q H U�

D OL] HG 3 K UD V H 6 WUX F WX UH * UD P P D U� %DVLO %ODFNZHOO� 2[IRUG�

*HPDQ� 6WXDUW DQG 0DUN -RKQVRQ� ����� 3UREDELOLW\ DQG VWDWLVWLFV LQ FRPSX�
WDWLRQDO OLQJXLVWLFV� D EULHI UHYLHZ� ,QWHUQDO SXEOLFDWLRQ� 'LYLVLRQ RI $SSOLHG
0DWKHPDWLFV� %URZQ 8QLYHUVLW\�
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-HOLQHN� )UHGHULFN� ����� 6 WD WLV WLF D O 0 H WK R G V I R U 6 S HHF K 5 HF R J Q LWLR Q � 7KH
0,7 3UHVV� &DPEULGJH� 0DVVDFKXVHWWV�

.DSODQ� 5RQDOG 0� DQG -RDQ %UHVQDQ� ����� /H[LFDO�)XQFWLRQDO *UDPPDU�
$ IRUPDO V\VWHP IRU JUDPPDWLFDO UHSUHVHQWDWLRQ� ,Q -RDQ %UHVQDQ� HGLWRU�
7 K H 0 H Q WD O 5 H S UH V H Q WD WLR Q R I * UD P P D WLF D O 5 H OD WLR Q V� FKDSWHU �� SDJHV
���^���� 7KH 0,7 3UHVV�

.D\� 0DUWLQ� -HDQ 0DUN *DYURQ� DQG 3HWHU 1RUYLJ� ����� 9 H UE P R E LO� D

WUD Q V OD WLR Q V \ VWH P I R U I D F H � WR � I D F H G LD OR J � &6/, 3UHVV� 6WDQIRUG� &DOLIRUQLD�

/DUL� .� DQG 6�-� <RXQJ� ����� 7KH HVWLPDWLRQ RI 6WRFKDVWLF &RQWH[W�)UHH
*UDPPDUV XVLQJ WKH ,QVLGH�2XWVLGH DOJRULWKP� & R P S X WH U 6 S HHF K D Q G / D Q �

J X D J H � ���������

/DUL� .� DQG 6�-� <RXQJ� ����� $SSOLFDWLRQV RI 6WRFKDVWLF &RQWH[W�)UHH
*UDPPDUV XVLQJ WKH ,QVLGH�2XWVLGH DOJRULWKP� & R P S X WH U 6 S HHF K D Q G / D Q �
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3ROODUG� &DUO DQG ,YDQ $� 6DJ� ����� , Q I R UP D WLR Q � E D V HG 6 \ Q WD [ D Q G 6 H P D Q �

WLF V� 1XPEHU �� LQ &6/, /HFWXUH 1RWHV 6HULHV� &KLFDJR 8QLYHUVLW\ 3UHVV�
&KLFDJR�
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* UD P P D U� &6/, /HFWXUH 1RWHV 6HULHV� &KLFDJR 8QLYHUVLW\ 3UHVV� &KLFDJR�
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