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Talk overview

Introduction to Information Theory



Why Iinformation theory?

Entropy quarti es the amourt of information in a probability
distribution

{ The entropy of a distribution Is a measureof the randomnessof
the distribution
(high entropy ) very uncertain, low erntropy ) predictable)

{ Measuredin bits (number of binary choices)
Cross-entopy and mutual information quartify the amourt of
Information onedistribution providesabout another one

{ Crossentropy measureshow useful knowing onedistribution Is
In order to predict another

ideal for evaluating probabilistic models



Optimal coding

Supposewe want to encale in binary a signal consistingof samples
X distributed accordingto P(X = x) = p(x). An optimal code
assignseat x a code word of length  log, p(x) bits

Why log,? Ead additional bit in a code word doublesthe possible
valueswe can describe, soit's plausiblethat they can be half as
probable

Encoding a sequence of ips of a fair coin:
p(heads)= p(tails) = % so an optimal code might be

C(heads)= 1; C(tails) = 0

Encoding a sequence of rolls of a biased 3-sided die:
p(a) = 3;p(b) = p(c) = %, soan optimal code might be

C(a) = 1, C(b) = 00,C(c) = 01
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Entrop y

The entropy H(p) (in bits) of a random variable X where
P(X = X) = p(x) Is the expected length of an optimal enading of X

H(p) = E[ log,p]
= p(x) log, p(x)

X

(Hint: remenber log,(y) = log,(y)=log,(2) for any baseb)

Entrop y of a fair coin: p(heads)= p(tails) = 2, so

H= 1 log(}) } log(})= Lbi

Entrop y of a fair die: p(1) = :::= p(6) = % SO

H= 6 £ log,(3) 2:58bits

H(p) O,andH(p) =01 p(x) = 1for somex
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Entrop y of a biased coin

p(heads)= 2;p(tails) = 2, soH=2log,2 zlog, s = 0:81 bits

Supposep(heads)= andp(tails) =1 . Then:

H(p) = p(x) log, p(x)
= log, (1 )log,(1 )
1 —
H(X)
0 | | | | !
0 0.2 0.4 0.6 0.8 1

Binomial probability
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Cross Entrop y

The crossentropy of a pair of random variablesX ;Y where
P(X = x) = p(x) and P(Y = vy) = q(y) Is the expected numker of
bits needad to enade X using an optimal code for Y:

H(pjg) = Ep>[< log, q]
= p(x) log, q(x)

X

H(pjg) H(p), with H(pjg) = H(p) I for all x p(x) = g(x), I.e.,
the optimal code for X Is the onebasedon X

In generalH(pjg) 6 H(qjp)



Cross-entrop y between binomials
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The Kullbac k-Leibler divergence

The Kullback-Leibler divergen® or KL-div ergencebetweenX and
Y whereP(X = x) = p(x) and P(Y =vy) = q(y) is the expected
numkber of bits \lost" in enading X using an optimal code for Y
Dk (PI9) = Ep[ log,dq Ep[ log, p]
_ P
= Epllog, a]

_ X p(x)
= ) P(X) |092@

= H(pjg) H(p)

D (pjg) O, with Dy (pjq) = 01 for all x p(x) = q(x)
Dk (] ) Is not a distance metric! In generalDg, (pjg) & Dk, (qjp)
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KL-div ergence between binomials
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Evaluating models with KL-div ergence

Supposewe have constructeda probabilistic model for Y, where
P(Y = y) = g(y), and we want to seehow well it predicts some
empirical data

Treat the empirical data as another variable X , where
P(X = x) = p(x) Is the relative frequencyof x in the data

Then Dy (pjq) Is the number of bits lost by modeling X with Y

{ Dk (pjg = 0Iif the model g is exactly the sameas empirical
data p

Is de ned solong as Support(g) Support(p) where
Support(q) = fx : g(x) > 0Og.
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Joint Entrop y

The joint entropy of a pair of random variablesX;Y Is just the
entropy of their joint distribution Z = (X;Y), where
P(Z = (xy) = P(X=xY=y)=r(xy)
H(X;Y) = H(Z) = H(r)
= |>E<r [log, r(x; y)I

= I’(X; y) Iogz r(X; y)
Xy

H(X)+ H(Y) H(X;Y) H(X)andH(Y)
If X andY areindependent then H(X;Y) = H(X) + H(Y)
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Conditional Entrop y

The conditonal entropy of a pair of random variablesX; Y where
P(X =X;Y =Vy) =r(x;y) is the amourt of extra information
neededto identify Y given X

H(Y]X) = H(X;Y) H(X)
= H(r) H(p )\évhere

p(x) = P(X =Xx) = r(x;y)
y
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Mutual Information

The mutual information I(X;Y) betweenrandom variablesX and
Y is the amournt of sharedinformation in X andY

I(X5Y) = H(X)  HXJY) = HY) HYX)
= H(X)+ H(Y) H(X;Y)
X r(x;y)

Ty O % gy e
PX=xY=y) = r(xjy) y
P(X=x) = px) = r(xy)
X
P(Y=y) = qy) = r(x;y)

X
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Mutual Information (2)

H(X ) H(Y)
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Homew ork for next Tuesday

Pleaseadd the English word Noneto eat English sertencein the
IBM model 1 and rerun. How doesit a ect the alignmens?

We needto do more seriousevaluation!

{ Pleaseread documertation on HLT-NAA CL 2003word
alignment workshop (link on classweb page)

{ Pleaseread Bob Moore's (2004) article \Impro ving IBM Word
Alignment Model 1".

We should be discussingtextb ook chapter 8 . ..
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