Arithmetic Computation

Talk briefly about three real computational tasks that both humans and computers do but by very different means:

· Learning simple arithmetic facts

· Performing simple arithmetic operations

· Estimation of number of objects

Our Erstatz Brain will do arithmetic very badly in many ways.  

But it has some virtues: it may look a lot more like us than traditional digital computers.

Comparison of Silicon Computers and Carbon Computers

Digital computers are 

· Made from silicon

· Accurate (essentially no errors)

· Fast (nanoseconds)

· Execute long chains of serial logical operations (billions of operations)

· Irritating to us

Brains are

· Made from carbon 

· Inaccurate (low precision, noisy)

· Slow (milliseconds, 106 times slower)

· Execute short chains of parallel alogical associative operations (perhaps 10 operations)

· Understandable by us

Huge disadvantage for carbon:  more than 1012 in the product of speed and power.  

But we still do better than them in many perceptual skills: 

· speech recognition, 

· object recognition, 

· face recognition, 

· motor control.

Implication:  Cognitive “software” uses few but powerful elementary operations.

The Problem with Arithmetic

How do hardware issues affect what are often considered to be operations on abstract quantities?

We often congratulate ourselves on the powers of the human mind.

But why does this amazing structure have such trouble learning elementary arithmetic?

Adult humans doing arithmetic are slow and make many errors.

Performance is terrible: Most difficult problem in elementary arithmetic for both adults and children is 

6 times 9.

Error rate in adults under slight time pressure can exceed 25%.

Learning the times tables takes children several years and they find it hard.

Formally elementary arithmetic fact learning is trivial.

There are only a few hundred simple facts to learn.

Yet at the same time children are having trouble learning arithmetic they are learning 

· Several new words a day.

· Social customs.

· Many facts in other areas.

Association

In structure, arithmetic facts are simple associations:

Multiplication:

(Multiplicand)(Multiplicand) ( Product

However these are not arbitrary associations but have a structure that gives rise to severe associative interference.

4 x 3 = 12

4 x 4 = 16

4 x 5 = 20

The initial 4 has associations with many possible products.  

The initial 4 is highly ambiguous.  

Ambiguity causes difficulties for simple associative systems.

Number Magnitude

Numbers are much more than arbitrary abstractions.

Experiment:

           Which is greater?  17 or 85

           Which is greater?  73 or 74

It takes much longer to answer the second question.
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Effects where a “distance” seems to intrude into what should be an abstract relationship are sometimes called symbolic distance effects.  

A computer would be unlikely to show such an effect.  (Subtract numbers, look at sign.)

Magnitude Coding

Key observation:  We see a similar pattern when sensory magnitudes are being compared.

Deciding which of 

· two weights is heavier, 

· two lights is brighter, 

· two sounds is louder 

· two numbers is bigger

displays the same reaction time pattern.

This effect and many others suggest that we have an internal representation of number that acts like a sensory magnitude.

Overall conclusion:  Instead of number being an abstract symbol, humans use a much richer coding of number containing powerful sensory and perceptual components.
This elaboration of number is a good thing.

· Connects number to the physical world.

· Provides the basis for mathematical intuition.

· Responsible for virtually all of the creative aspects of mathematics.

Arithmetic Models

Won’t get into the details of the elementary arithmetic model or supporting experimental data.  

Key point:  The magnitude representation is built into the system by assuming there is a topographic map of magnitude somewhere in the brain.

Topographic maps are frequently used in cerebral cortex as a way of coding important sensory properties.

Bottom line:  After a great deal of effort and a large amount of computer time, we can accurately simulate a “C” arithmetic student.

A topographically organized, neural net model provides a good model of human performance.

Similar in topographic structure to models used by several others.

Errors

Simulation Results:

In both humans and in the simulations we note:

First Observation about Arithmetic Errors

Arithmetic error magnitudes are not random.

Errors tend to be close in size to the correct answer.

In the computer simulations, this effect is due to the presence of the topographic magnitude code.

Second Observation about Errors

Numerical error values are not random.

They are product numbers, that is, the answer to some multiplication problem.

Only 8% of errors are not the answer to a multiplication problem.

Human Algorithm for Multiplication

The correct answer to a multiplication problem is:

1. Familiar (that is, a product)

2. About the right size.

Arithmetic fact learning is a memory and estimation process.

It is not a true abstract computation!

“Computation” in Attractor Networks

This application is currently being recoded for the Ersatz Brain.  However, the port should be straightforward.

Let us suggest a procedure for actual computation of arithmetic with an attractor network:

Attractor Network Computation

1.   The network has built an attractor structure through learning.

2.   Input data combined with the program for the computation gives rise to a starting point in state space. 

3.   The network state evolves from this starting point. 

4.   The final network stable state gives the answer to the computation.

Data Representation for Number

The most difficult problem in neural networks:

converting the input data into the state vectors that will be manipulated by the network dynamics.

This is the data representation problem for a neural net.

There are few explicit rules.

Experience and inference have suggested a useful data representation for number as mentioned earlier.  

Topographic representations of parameters are very common in the nervous system.  (Vision, audition, body surface)

One form of such a topographic representation is called a bar code.  

The value of the represented parameter depends on the location of a group of active units in an array of units.  Problems:  

· wasteful of units, 

· limited precision, 

· inefficient, 

· magnitude range limitations.

If you have lots of cheap units like the brain or some nanocomponent architectures, then they make sense. 

Goal: Ten bars: ten attractors: ten digits.

Topographic number representation is inspired by number line analogy for integers.  A useful and powerful analogy.
Topographic arrangement of bars on a one dimensional state vector: 

1  2  3  4  5  6  7  8  9  0

Bars overlap, providing a mechanism for similarity.

Overlap makes it easier to shift from attractor to attractor.  
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Physiological Evidence

There is a little physiological evidence supporting one prediction of this model.  

Since the bars overlap, integers close in magnitude should show a degree of similarity in their representations.  

A 2002 paper in Science showed this effect in single unit recordings in primate prefrontal cortex.  

Note the similarity to the symbolic distance curves.
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A Nieder, DJ Friedman, EK Miller (2002).  Representation of the quantity of visual items in the primate prefrontal cortex.  Science 297, 1708-1711.

Programming Patterns: Controlling the Computation 

Learning numbers is only the beginning of arithmetic.  

The system must give correct answers to specific unlearned problems.  

That is, there must be generalization to other numerical values.

Operations that we would reasonably expect an arithmetic network to perform.  

Five useful operations.

1. increment (add 1)

2. decrement (subtract 1)

3. greater than (given two numbers, choose the larger)

4. lesser than (given two numbers, choose the smaller)

5. round-off to the nearest integer 

Programming Patterns

We can control the operation of the network by using a vector programming pattern.
The programming pattern multiplies term by term the state vector derived from the input data.  

Our data representation – the topographically arranged bar codes – contains information about the relations between digits.
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Operation

In operation:

1.   An arithmetic function is chosen.  

2.   This function is associated with a programming pattern.  

3.   In the other branch of the computation, information from the world is represented as a bar code.  

4.   These two vectors are multiplied term by term.  

5.   Attractor dynamics are applied.  

6.   The state vector evolves to an attractor that gives the answer to the problem. 

Construction of Programming Patterns
We are dealing with qualitative properties of the geometry of representation, that is, representational topology.  

It is easy to find programming patterns that work.

Consider counting (increment):  

· Start from a particular location on the topographic map.

· One direction on the map corresponds to larger numbers.

· The other direction is toward smaller numbers.  

If we weight the map so larger numbers are weighted more heavily, the system state moves toward the attractor corresponding to the next largest digit.  
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Greater-Than

Similarly, the map lets us differentially weight magnitudes.

The greater-than programming pattern is
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Manipulating Starting Points

What we are doing is manipulating the starting point in the attractor structure.

Once the attractor structure is formed, and if the topography is correct, many operations can be performed without further learning.

This might be considered a very simple kind of operation with mathematical intuition.
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“Symbolic Distance”

We assume something like experimental reaction time is related to the time taken to get to the attractor.

When the greater than pattern is used, it gives right answers but also gives qualitatively correct reaction time patterns:  (From an early simulation)

Single Digit Number Comparisons
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Combining Pattern Recognition with Discrete Operations.

Consider a problem where we can join the simple ‘abstract’ structures with pattern recognition.  
Given a set of identical items presented in a field, report how many items there are.  
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Human Performance

For humans, determination of number from one to about four items proceeds in what is called the subitizing region.  

Subjects “know” quickly and effortlessly how many objects are present.  

Each additional item (up to 4) adds about 40 msec to the response time.  

In the counting region (beyond 4 objects in the field) each additional item adds around 300 msec per item.

This figure is consistent with other tasks where explicit counting is required.  

Some evidence from fMRI that different brain regions are involved.

Developmental evidence that there is a strong “total activity” component to subitizing.

Basic Idea

The network of networks model propagates pattern information laterally.  

If identical objects are present, they will all be propagating the same pattern information, that is, the same features and combinations of features.  

[image: image10.png]Object location
Activity level 1
Activity level 2

Activity level 3





Addition

In the linear region of modular interactions when two pattern waves from different sources arrive at the same location they add.  

Patterns from identical features add amplitudes linearly.

Patterns from different features can interfere.  

The ratio of the maximum activation of a given feature to the initial activation 

will give the integer number of objects after processing by the round-off operator.

The Big Question:

Suppose we have several plates of cookies.

Which plate has the most cookies?
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We can segment the field by modules in attractor states.  

There are a number of effects (metacontrast) suggesting lateral interactions can be halted by interposing lines or regions.   

Counting Cookies

We can analyze this problem in several steps.

· The image is segmented.  

· The numerosity of objects in each segment is computed using activity based lateral spread.

· The activity measure is cleaned up and converted into an integer by the round-off operation.

· The integers are compared using the greater-than operator with the largest integer is the output.

This very simple program is based largely on topographic representational assumptions.  
Abstract Operations

Overall strategy in the Ersatz Brain software project:

· We constructed a system that works on abstract quantities through their topographic structure.  

· It sometimes acts like logic or symbol processing but in a limited domain.

· It does so by using its connection to perception to do much of the computation.

· Abstract or symbolic operations display their perceptual nature in effects like symbolic distance and error patterns in arithmetic.

· This approach is an effective computing strategy for dealing with the physical world.

Evolution

Humans are a hybrid computer.

We have a very recently evolved, rather buggy ability to handle abstract quantities and symbols.

(only 100,000 years old.  We have the alpha release of the intelligence software.)

We combine that with the highly evolved, extremely effective sensory and perceptual systems.

(over 500 million years old. We have a late release, high version number of the perceptual software.)

The two systems cooperate and work together effectively.

Conclusions

We presented in talk examples of what Ersatz Brain hardware and software might look like. 

Both the software and hardware are:

· part (perceptual, continuous, topographic) 

· part (discrete, logical, abstract.  

A hybrid strategy like this one is very biological:  

Consider arithmetic:  There are a number of ways to get the right answers to simple arithmetic functions.  Each has its virtues: 

The way humans do it: 

· flexibility, 

· estimation, 

· connection to the physical world

The way digital computers do it: 

· speed, 

· logic, 

· accuracy.

Both are valuable.  There is a place for both.  And they work well together.

So let’s build an Ersatz Brain and start working with it.
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