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Abstract

Standardstatisticalmodelsof languagefail to captureoneof the most
striking propertiesof natural languages:the power-law distribution in
thefrequenciesof word tokens.We presenta framework for developing
statisticalmodelsthatgenericallyproducepower-laws,augmentingstan-
dard generative modelswith an adaptor that producesthe appropriate
patternof tokenfrequencies.We show thattakinga particularstochastic
process– thePitman-Yor process– asanadaptorjusti�es theappearance
of typefrequenciesin formalanalysesof naturallanguage,andimproves
theperformanceof a modelfor unsupervisedlearningof morphology.

1 Intr oduction

In generalit is importantfor modelsusedin unsupervisedlearningto beableto describe
thegrossstatisticalpropertiesof thedatathey areintendedto learnfrom, otherwisethese
propertiesmaydistortinferencesabouttheparametersof themodel.Oneof themoststrik-
ing statisticalpropertiesof naturallanguagesis thatthedistributionof word frequenciesis
closelyapproximatedby apower-law. Thatis, theprobabilitythatawordw will occurwith
frequency nw in asuf�ciently largecorpusis proportionalto n � g

w . Thisobservation,which
is usuallyattributedto Zipf [1] but enjoysalonganddetailedhistory[2], stimulatedintense
researchin the1950s(e.g.,[3]) but haslargelybeenignoredin moderncomputationallin-
guistics.By developingmodelsthatgenericallyexhibit power-laws, it maybepossibleto
improvemethodsfor unsupervisedlearningof linguistic structure.

In this paper, we introducea framework for developinggenerative modelsfor language
thatproducepower-law distributions.Our framework is basedupontheideaof specifying
languagemodelsin termsof two components:agenerator, anunderlyinggenerativemodel
for wordswhich neednot (andusuallydoesnot) producea power-law distribution,andan
adaptor, which transformsthestreamof wordsproducedby thegeneratorinto onewhose
frequenciesobey a power law distribution. This framework is extremelygeneral:any gen-
erative model for languagecan be usedas a generator, with the power-law distribution
beingproducedastheresultof makinganappropriatechoicefor theadaptor.

In ourframework,estimationof theparametersof thegeneratorwill beaffectedby assump-
tionsabouttheform of theadaptor. We show thatuseof a particularadaptor, thePitman-
Yor process[4, 5, 6], shedslight on a tensionexhibited by formal approachesto natural
language:whetherexplanationsshouldbe baseduponthe typesof wordsthat languages
exhibit, or thefrequencieswith which tokensof thosewordsoccur. Oneplacewherethis



tensionmanifestsis in accountsof morphology,whereformal linguistsdevelopaccountsof
why particularwordsappearin thelexicon (e.g.,[7]), while computationallinguistsfocus
on statisticalmodelsof the frequenciesof tokensof thosewords(e.g.,[8]). The tension
betweentypesandtokensalsoappearswithin computationallinguistics.For example,one
of themostsuccessfulformsof smoothingusedin statisticallanguagemodels,Kneser-Ney
smoothing,explicitly interpolatesbetweentypeandtokenfrequencies[9, 10, 11].

Theplanof thepaperis asfollows. Section2 discussesstochasticprocessesthatcanpro-
ducepower-law distributions,includingthePitman-Yor process.Section3 speci�esa two-
stagelanguagemodelthatusesthePitman-Yor processasanadaptor, andexaminessome
propertiesof this model: Section3.1 shows that estimationbasedon type andtoken fre-
quenciesarespecialcasesof this two-stagelanguagemodel,andSection3.2 usesthese
resultsto provide a novel justi�cation for the useof Kneser-Ney smoothing. Section4
describesa modelfor unsupervisedlearningof themorphologicalstructureof wordsthat
usesour framework, anddemonstratesthat its performanceimprovesas we move from
estimationbasedupontokensto types.Section5 concludesthepaper.

2 Producingpower-law distrib utions

Assumewe want to generatea sequenceof N outcomes,z = f z1; : : : ; zN g with each
outcomezi beingdrawn from asetof (possiblyunbounded)sizeZ . Many of thestochastic
processesthatproducepower-lawsarebasedupontheprincipleof preferentialattachment,
wheretheprobabilitythat the i th outcome,zi , takeson a particularvaluek dependsupon
thefrequency of k in z� i = f z1; : : : ; zi � 1g [2]. For example,oneof theearliestandmost
widely usedpreferentialattachmentschemes[3] chooseszi accordingto thedistribution

P(zi = k j z� i ) = a
1
Z

+ (1 � a)
n(z � i )

k

i � 1
(1)

wheren(z � i )
k is thenumberof timesk occursin z� i . This “rich-get-richer”processmeans

thatafew outcomesappearwith veryhighfrequency in z – thekey attributeof apower-law
distribution. In thiscase,thepower-law hasparameterg = 1=(1 � a).

Oneproblemwith theseclassicalmodelsis that they assumea �x edorderingon theout-
comesz. While this may be appropriatefor many settingsin which power-laws arise,
theassumptionof a temporalorderingrestrictsthecontexts in which suchmodelscanbe
applied.In particular, it is muchmorerestrictive thantheassumptionof independentsam-
pling that underliesmoststatisticallanguagemodels. Consequently, we will focuson a
differentpreferentialattachmentscheme,baseduponthe two-parameterspeciessampling
model[4, 5] known asthePitman-Yor process[6]. Underthis schemeoutcomesfollow a
power-law distribution, but remainexchangeable: the probabilityof a setof outcomesis
notaffectedby their ordering.

ThePitman-Yorprocesscanbeviewedasageneralizationof theChineserestaurantprocess
[6]. Assumethat N customersentera restaurantwith in�nitely many tables,eachwith
in�nite seatingcapacity. Let zi denotethe table chosenby the i th customer. The �rst
customersitsat the�rst table,z1 = 1. Thei th customerchoosestablek with probability

P(zi = k j z� i ) =

8
<

:

n
( z � i )

k � a
i � 1+ b k � K (z� i )

K (z � i )a+ b
i � 1+ b k = K (z� i ) + 1

(2)

wherea andb arethe two parametersof theprocessandK (z� i ) is thenumberof tables
thatarecurrentlyoccupied.

The Pitman-Yor processsatis�es our needfor a processthat producespower-laws while
retainingexchangeability. Equation2 is clearly a preferentialattachmentscheme.When
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Figure1: Graphicalmodelsshowing dependenciesamongvariablesin (a) thesimpletwo-
stagemodel,and(b) themorphologymodel.Shadingof thenodecontainingw re�ects the
factthatthisvariableis observed.Dottedlinesdelimit thegeneratorandadaptor.

a = 0 andb > 0, it reducesto the standardChineserestaurantprocess[12, 4] usedin
Dirichlet processmixturemodels[13]. When0 < a < 1, thenumberof peopleseatedat
eachtablefollows a power-law distribution with g = 1 + a [5]. It is straightforward to
show thatthecustomersareexchangeable:theprobabilityof a partitionof customersinto
setsseatedatdifferenttablesis unaffectedby theorderin whichthecustomerswereseated.

3 A two-stagelanguagemodel

We canusethe Pitman-Yor processas the foundationfor a languagemodel that generi-
cally producespower-law distributions.Wewill de�ne atwo-stagemodelby extendingthe
restaurantmetaphorintroducedabove. Imaginethateachtablek is labelledwith aword ` k
from a vocabulary of (possiblyunbounded)sizeW . The�rst stageis to generatethesela-
bels,sampling̀ k from a generativemodelfor wordsthatwe will referto asthegenerator.
For example,we couldchooseto draw the labelsfrom a multinomialdistribution � . The
secondstageis to generatetheactualsequenceof wordsitself. This is doneby allowing a
sequenceof customersto entertherestaurant.Eachcustomerchoosesa table,producinga
seatingarrangement,z, andsaysthewordusedto labelthatthetable,producingasequence
of words,w. Theprocessby whichcustomerschoosetables,which we will referto asthe
adaptor, de�nes a probabilitydistribution over thesequenceof wordsw producedby the
customers,determiningthefrequency with which tokensof thedifferenttypesoccur. The
statisticaldependenciesamongthevariablesin onesuchmodelareshown in Figure1 (a).

Given the discussionin the previous section,the Pitman-Yor processis a naturalchoice
for an adaptor. The result is technicallya Pitman-Yor mixture model,with zi indicating
the “class” responsiblefor generatingthe i th word, and` k determiningthe multinomial
distribution over words associatedwith classk, with P(wi = w j zi = k; `k ) = 1 if
`k = w, and0 otherwise.Underthis modeltheprobabilitythat thei th customerproduces
word w givenpreviouslyproducedwordsw � i andcurrentseatingarrangementz� i is

P(wi = w j w � i ; z� i ; � ) =
X

k

X

` k

P(wi = w j zi = k; `k )P (`k j w � i ; z� i ; � )P (zi = k j z� i )

=
K ( z � i )X

k =1

n( z � i )
k � a

i � 1 + b
I (`k = w) +

K (z� i )a + b
i � 1 + b

� w (3)

whereI (�) is an indicatorfunction,being1 whenits argumentis trueand0 otherwise.If
� is uniform over all W words, then the distribution over w reducesto the Pitman-Yor
processasW ! 1 . Otherwise,multiple tablescanreceive thesamelabel,increasingthe
frequency of thecorrespondingword andproducinga distribution with g < 1 + a. Again,
it is straightforwardto show thatwordsareexchangeableunderthis distribution.



3.1 Typesand tokens

Theuseof thePitman-Yorprocessasanadaptorprovidesajusti�cation for theroleof word
typesin formalanalysesof naturallanguage.Thiscanbeseenby consideringthequestion
of how to estimatetheparametersof themultinomialdistribution usedasa generator, � .1

In general,theparametersof generatorscanbeestimatedusingMarkov chainMonteCarlo
methods,aswe demonstratein Section4. In this section,we will show that estimation
schemesbasedupontypeandtokenfrequenciesarespecialcasesof our languagemodel,
correspondingto theextremevaluesof theparametera. Valuesof a betweentheseextremes
identify estimationmethodsthatinterpolatebetweentypesandtokens.

Taking a multinomial distribution with parameters� as a generatorand the Pitman-Yor
processasanadaptor, theprobabilityof a sequenceof wordsw given� is

P(w j � ) =
X

z;`
P(w; z; ` j � ) =

X

z;`

�( b)
�( N + b)

K (z)Y

k=1

 

� ` k ((k � 1)a + b)
�( n(z)

k � a)
�(1 � a)

!

wherein thelastsumz and` areconstrainedsuchthat` z i = wi for all i . In thecasewhere
b = 0, this simpli�es to

P(w j � ) =
X

z;`

0

@
K (z)Y

k=1

� ` k

1

A �
�( K (z))

�( N )
� aK (z) �

0

@
K (z)Y

k=1

�( n(z)
k � a)

�(1 � a)

1

A (4)

Thedistribution P(w j � ) determineshow thedataw in�uence estimatesof � , sowe will
considerhow P(w j � ) changesunderdifferentlimits of a.

In the limit asa approaches1, estimationof � is baseduponword tokens.Whena ! 1,
�( n z

k � a)
�(1 � a) is 1 for n(z)

k = 1 but approaches0 for n(z)
k > 1. Consequently, all termsin the

sumover (z; ` ) go to zero,exceptthatin whicheveryword tokenhasits own table.In this
case,K (z) = N and`k = wk . It followsthatlima! 1 P(w j � ) =

Q N
k=1 � wk . Any form of

estimationusingP(w j � ) will thusbebaseduponthefrequenciesof word tokensin w.

In the limit asa approaches0, estimationof � is baseduponword types.Theappearance
of aK (z) in Equation4 meansthatasa ! 0, thesumover z is dominatedby theseating
arrangementthatminimizesthetotal numberof tables.Undertheconstraintthat` z i = wi
for all i , this minimal con�guration is theonein which every word type receivesa single
table. Consequently, lim a! 0 P(w j � ) is dominatedby a term in which thereis a single
instanceof � w for eachwordw thatappearsin w.2 Any form of estimationusingP(w j � )
will thusbebaseduponasingleinstanceof eachword typein w.

3.2 Predictionsand smoothing

In additionto providing a justi�cation for therole of typesin formal analysesof language
in general,useof thePitman-Yor processasanadaptorcanbeusedto explain theassump-
tions behinda speci�c schemefor combiningtoken and type frequencies:Kneser-Ney
smoothing. Smoothingmethodsareschemesfor regularizingempiricalestimatesof the
probabilitiesof words,with thegoalof improving thepredictiveperformanceof language
models.TheKneser-Ney smootherestimatestheprobabilityof a word by combiningtype
andtokenfrequencies,andhasprovenparticularlyeffectivefor n-grammodels[9, 10, 11].

1Undertheinterpretationof this modelasa Pitman-Yor processmixturemodel,this is analogous
to estimatingthebasemeasureG0 in a Dirichlet processmixturemodel(e.g.[13]).

2DespitethefactthatP (w j � ) approaches0 in this limit, aK ( z) will beconstantacrossall choices
of � . Consequently, estimationschemesthatdependonly onthenon-constanttermsin P(w j � ), such
asmaximum-likelihoodor Bayesianinference,will remainwell de�ned.



To usean n-gramlanguagemodel,we needto estimatethe probability distribution over
wordsgiventheir history, i.e. then precedingwords.Assumewe aregivena vectorof N
wordsw thatall shareacommonhistory, andwantto predictthenext word,wN +1 , thatwill
occurwith thathistory. Assumethatwealsohavevectorsof wordsfrom H otherhistories,
w (1) ; : : : ; w (H ) . TheinterpolatedKneser-Ney smoother[11] makestheprediction

P(wN +1 = w j w ) =
n( w )

w � I (n( w )
w > D )D

N
+

P
w I (n( w )

w > D )D
N

P
h I (w 2 w ( h ) )

P
w

P
h I (w 2 w ( h ) )

(5)

wherewe have suppressedthe dependenceon w (1) ; : : : ; w (H ) , D is a “discount factor”
speci�edasaparameterof themodel,andthesumoverh includesw.

We cande�ne a two-stagemodelappropriatefor this settingby assumingthat thesetsof
wordsfor all historiesareproducedby thesameadaptorandgenerator. Underthis model,
theprobabilityof word wN +1 givenw and� is

P(wN +1 = w j w; � ) =
X

z

P(wN +1 = wjw; z; � )P(zjw; � )

whereP(wN +1 = wjw; z; � ) is givenby Equation3. Assumingb = 0, thisbecomes

P(wN +1 = w j w; � ) =
nw

w � Ez [K w (z)] a
N

+
P

w Ez [K w (z)] a
N

� w (6)

whereEz [K w (z)] =
P

z K w (z)P(zjw; � ), andK w (z) is thenumberof tableswith label
w underthe seatingassignmentz. The other historiesenterinto this expressionvia � .
Sincethewordsassociatedwith eachhistory is assumedto beproducedfrom a singleset
of parameters� , themaximum-likelihoodestimateof � w will approach

� w =
P

h I (w 2 w (h) )
P

w

P
h I (w 2 w (h) )

as a approaches0, sinceonly a single instanceof eachword type in eachcontext will
contribute to the estimateof � . Substitutingthis valueof � w into Equation6 revealsthe
correspondenceto theKneser-Ney smoother(Equation5). Theonly differenceis that the
constantdiscountfactorD is replacedby aEz [K w (z)], which will increaseslowly asnw
increases.This differencemight actuallyleadto an improvedsmoother:theKneser-Ney
smootherseemsto producebetterperformancewhenD increasesasa functionof nw [11].

4 Typesand tokensin modelingmorphology

Our attemptto developstatisticalmodelsof languagethatgenericallyproducepower-law
distributionswasmotivatedby the possibility that modelsthat accountfor this statistical
regularity might beableto learnlinguistic informationbetterthanthosethatdo not. Our
two-stagelanguagemodelingframework allows us to createexactly thesesortsof mod-
els, with the generatorproducingindividual lexical items,andthe adaptorproducingthe
power-law distributionoverwords.In thissection,weshow thattakingagenerativemodel
for morphologyas the generatorandvarying the parametersof the adaptorresultsin an
improvementin unsupervisedlearningof themorphologicalstructureof English.

4.1 A generativemodel for morphology

Many languagescontainwordsbuilt upof smallerunitsof meaning,or morphemes. These
units cancontainlexical information(asstems)or grammaticalinformation(asaf�x es).
For example,theEnglishword walkedcanbeparsedinto thestemwalk andthepast-tense
suf�x ed. Knowledgeof morphologicalstructureenableslanguagelearnersto understand
andproducenovel wordforms,andfacilitatestaskssuchasstemming(e.g.,[14]).



As a basicmodel of morphology, we assumethat eachword consistsof a single stem
andsuf�x, andbelongsto somein�ectional class. Eachclassis associatedwith a stem
distribution anda suf�x distribution. We assumethat stemsandsuf�x esareindependent
giventheclass,sowehave

P(`k = w) =
X

c;t;f

I (w = t:f )P(ck = c)P(tk = t j ck = c)P(f k = f j ck = c) (7)

whereck , tk , andf k arethe class,stem,andsuf�x associatedwith ` k , andt:f indicates
theconcatenationof t andf . In otherwords,we generatea labelby �rst drawing a class,
thendrawing a stemanda suf�x conditionedon theclass.Eachof thesedraws is from a
multinomialdistribution,andwe will assumethatthesemultinomialsarein turngenerated
from symmetricDirichlet priors,with parameters� , � , and� respectively. The resulting
generativemodelcanbeusedasthegeneratorin a two-stagelanguagemodel,providing a
morestructuredreplacementfor themultinomialdistribution,� . As before,wewill usethe
Pitman-Yor processasanadaptor, settingb = 0. Figure1 (b) illustratesthedependencies
betweenthevariablesin this model.

Our morphologymodelis similar to thatusedby Goldsmithin his unsupervisedmorpho-
logical learningsystem[8], with two importantdifferences.First, Goldsmith's model is
recursive, i.e. a word stemcanbe further split into a smallerstemplus suf�x. Second,
Goldsmith'smodelassumesthatall occurrencesof eachword typehavethesameanalysis,
whereasourmodelallowsdifferenttokensof thesametypeto havedifferentanalyses.

4.2 Infer enceby Gibbssampling

Ourgoalin de�ning thismorphologymodelis to beableto automaticallyinfer themorpho-
logicalstructureof a language.ThiscanbedoneusingGibbssampling,astandardMarkov
chainMonteCarlo(MCMC) method[15]. In MCMC, variablesin themodelarerepeatedly
sampled,with eachsampleconditionedon thecurrentvaluesof all othervariablesin the
model. This processde�nesa Markov chainwhosestationarydistribution is theposterior
distributionovermodelvariablesgiventheinputdata.

Ratherthansamplingall the variablesin our two-stagemodelsimultaneously, our Gibbs
sampleralternatesbetweensamplingthevariablesin thegeneratorandthosein theadaptor.
Fixing theassignmentof wordsto tables,we sampleck , tk , andf k for eachtablefrom

P(ck = c;tk = t; f k = f j c� k ; t � k ; f � k ; ` )
/ I (`k = tk :f k ) P(ck = cj c� k ) P(tk = t j t � k ; c) P(f k = f j f � k ; c)

= I (`k = tk :f k ) �
nc + �

K (z) � 1 + �C
�

nc;t + �
nc + � T

�
nc;f + �
nc + �F

(8)

wherenc is thenumberof otherlabelsassignedto classc, nc;t andnc;f arethenumberof
otherlabelsin classc with stemt andsuf�x f , respectively, andC, T , andF , arethetotal
numberof possibleclasses,stems,andsuf�x es,which are�x ed. We usethenotationc� k
hereto indicateall membersof c exceptfor ck . Equation8 is obtainedby integratingover
the multinomial distributionsspeci�ed in Equation7, exploiting the conjugacy between
multinomialandDirichlet distributions.

Fixing themorphologicalanalysis(c, t, f), wesamplethetablezi for eachword tokenfrom

P(zi = k j z� i ; w ; c; t ; f ) /

(
I (`k = wi )(n(z � i )

k � a) n(z � i )
k > 0

P(`k = wi )(K (z� i )a + b) n(z � i )
k = 0

(9)

whereP(`k = wi ) is found usingEquation7, with P(c), P(t), andP(f ) replacedwith
thecorrespondingconditionaldistributionsfrom Equation8.
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Figure2: (a)Resultsfor themorphologymodel,varyinga. (b) Confusionmatricesfor the
morphologymodelwith a = 0. Theareaof asquareat location(i; j ) is proportionalto the
numberof word types(top)or tokens(bottom)with truesuf�x i andfoundsuf�x j .

4.3 Experiments

Weappliedourmodelto adatasetconsistingof all verbsin thetrainingsectionof thePenn
Wall StreetJournaltreebank.We choseto run on a singlepartof speechasa simpletest
casebecauseit makesthe resultseasyto analyze.The input corpuscontaineda total of
137,997tokensbelongingto 7,761types.Wedeterminedthetruesuf�x of eachwordusing
simpleheuristicsbasedon thepart-of-speechtagandspellingof theword.3 We couldthen
comparetheresultsof our learningalgorithmto thetruesuf�x esfoundin thecorpus.

As notedabove, theGibbssamplerdoesnot convergeto a singleanalysisof thedata,but
ratherto a distribution over analyses.For evaluation,we useda singlesampletakenafter
1000 iterations. Figure 2 (a) shows the distribution of suf�x es found by the model for
variousvaluesof a, aswell asthetruedistribution. We analyzedtheresultsin two ways:
by countingeachsuf�x oncefor eachword type it wasassociatedwith, andby counting
oncefor eachword token(thusgiving moreweightto theresultsfor frequentwords).

Themostsalientaspectof our resultsis that,regardlessof whetherweevaluateon typesor
tokens,it is clearthat low valuesof a arefar moreeffective for learningmorphologythan
highervalues.With highervaluesof a, thesystemhastoo stronga preferencefor empty
suf�x es.Thisobservationseemsto supportthelinguists'view of type-basedgeneralization.

It is alsoworth explainingwhy our morphologicallearner�nds somany e andessuf�x es.
Thisproblemis commonto othermorphologicallearningsystemswith similarmodels(e.g.
[8]) andis dueto thespellingrulein Englishthatdeletesstem-�nalebeforecertainsuf�x es.
Sincethesystemhasno knowledgeof spellingrules,it tendsto hypothesizeanalysessuch
as f stat.e, stat.ing, stat.ed,stat.esg, wherethe e andessuf�x estake the placeof NULL
ands. This effect canbeseenclearlyin theconfusionmatricesshown in Figure2 (b). The
remainingerrorsseenin theconfusionmatricesarethosewherethesystemhypothesizedan
emptysuf�x whenin facta non-emptysuf�x waspresent.Analysisof our resultsshowed

3Thepart-of-speechtagsdistinguishbetweenpasttense,pastparticiple,progressive, 3rd person
presentsingular, andin�niti ve/unmarkedverbs,andthereforeroughlycorrelatewith actualsuf�x es.



thatthesecasesweremostlywordswherenootherform with thesamestemwaspresentin
thecorpus.Therewasthereforeno reasonfor thesystemto prefera non-emptysuf�x.

5 Conclusion

We have shown thatstatisticallanguagemodelsthatexhibit oneof themoststriking prop-
ertiesof naturallanguages– power-law distributions– canbede�ned by breakingthepro-
cessof generatingwordsinto two stages,with ageneratorproducingasetof words,andan
adaptordeterminingtheir frequencies.OurmorphologymodelandthePitman-Yor process
areparticularchoicesfor ageneratorandanadaptor. Thesechoicesproduceempiricaland
theoreticalresultsthatjustify theroleof wordtypesin formalanalysesof naturallanguage.
However, thegreateststrengthof this framework lies in its generality:we anticipatethat
otherchoicesof generatorsandadaptorswill yield similarly interestingresults.
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