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Abstract

Standardstatisticalmodelsof languagefail to captureone of the most
striking propertiesof naturallanguages:the power-law distribution in
the frequencie®f word tokens.We presenta framework for developing
statisticaimodelsthatgenericallyproducepowerlaws, augmentingstan-
dard generatie modelswith an adaptorthat producesthe appropriate
patternof tokenfrequenciesWe shav thattakinga particularstochastic
process-thePitman-Yor process- asanadaptofjusti es theappearance
of typefrequenciesn formal analyse®f naturallanguageandimproves
the performancef a modelfor unsupervisetearningof morphology

1 Intr oduction

In generalit is importantfor modelsusedin unsupervisedearningto be ableto describe
the grossstatisticalpropertiesof the datathey areintendedto learnfrom, otherwisethese
propertiesnaydistortinferencesaboutthe parametersf themodel. Oneof the moststrik-
ing statisticalpropertiesof naturallanguagess thatthe distribution of word frequenciess
closelyapproximatedby a powerlaw. Thatis, theprobabilitythatawordw will occurwith
frequeng ny, in asufciently largecorpusis proportionatto n,, 9. This obsenation,which
is usuallyattributedto Zipf [1] but enjoys alonganddetailedhistory[2], stimulatedntense
researchn the 1950s(e.g.,[3]) but haslargely beenignoredin moderncomputationalin-
guistics. By developingmodelsthatgenericallyexhibit power-laws, it may be possibleto
improve methodgor unsupervisedearningof linguistic structure.

In this paper we introducea framework for developing generatve modelsfor language
thatproducepower-law distributions. Our framework is basedupontheideaof specifying

languagenodelsin termsof two componentsagenemtor, anunderlyinggeneratie model

for wordswhich neednot (andusuallydoesnot) producea power-law distribution, andan

adaptor, which transformshe streamof wordsproducedoy the generatointo onewhose
frequencie®bey a power law distribution. This framework is extremelygeneral:ary gen-

eratve modelfor languagecan be usedas a generatarwith the power-law distribution

beingproducedastheresultof makinganappropriateehoicefor the adaptor

In ourframework, estimatiorof the parametersf thegeneratowill beaffectedby assump-
tionsaboutthe form of the adaptor We show thatuseof a particularadaptorthe Pitman-
Yor procesd4, 5, 6], sheddslight on a tensionexhibited by formal approacheso natural
language:whetherexplanationsshouldbe baseduponthe typesof wordsthat languages
exhibit, or the frequenciesvith which tokensof thosewordsoccur Oneplacewherethis



tensionmanifestds in account®f morphologywhereformallinguistsdevelopaccountsf
why particularwordsappeaitin thelexicon (e.g.,[7]), while computationalinguistsfocus
on statisticalmodelsof the frequencief tokensof thosewords (e.g.,[8]). Thetension
betweertypesandtokensalsoappearsvithin computationalinguistics. For example,one
of themostsuccessfulormsof smoothingusedin statisticalanguagenodels KnesefNey
smoothingexplicitly interpolatebetweertypeandtokenfrequencie$9, 10, 11].

Theplanof the paperis asfollows. Section2 discussestochastiqrocessethatcanpro-

ducepower-law distributions,includingthe Pitman-Yor processSection3 speci esatwo-

stagelanguaganodelthat usesthe Pitman-Yor processasanadaptoy andexaminessome
propertiesof this model: Section3.1 shows that estimationbasedon type andtoken fre-

guenciesare specialcasesof this two-stagelanguagemodel, and Section3.2 usesthese
resultsto provide a novel justi cation for the use of KneserNey smoothing. Section4

describesa modelfor unsupervisedearningof the morphologicalstructureof wordsthat
usesour framewvork, and demonstratethat its performanceamproves as we move from

estimatiorbasedipontokensto types.Section5 concludeghe paper

2 Producing power-law distrib utions

outcomez; beingdrawn from a setof (possiblyunbounded¥izeZ . Many of the stochastic
processethatproducepower-lawsarebasedupontheprinciple of prefeential attachment
wherethe probabilitythattheith outcomegz;, takeson a particularvaluek dependsipon

widely usedpreferentiabttachmenscheme$3] chooseg; accordingo the distribution

1 (kz i)
. = i )= a— +
P(z=kjiz)=a>+Q1Q a+— 1)
wheren(kZ ") is thenumberof timesk occursin z i . This“rich-get-richer’processneans
thatafew outcomesppeawith veryhighfrequeny in z —thekey attribute of apower-law
distribution. In this casethe power-law hasparameteg = 1=(1 a).

Oneproblemwith theseclassicalmodelsis thatthey assumea x ed orderingon the out-
comesz. While this may be appropriatefor mary settingsin which power-laws arise,
the assumptiorof a temporalorderingrestrictsthe contexts in which suchmodelscanbe
applied.In particular it is muchmorerestrictve thanthe assumptiorof independensam-
pling that underliesmost statisticallanguagemodels. Consequentlywe will focuson a
differentpreferentialattachmenschemepaseduponthe two-parametespeciessampling
model[4, 5] known asthe Pitman-Yor procesg6]. Underthis schemeoutcomedollow a
power-law distribution, but remainexchangeable the probability of a setof outcomess
notaffectedby their ordering.

ThePitman-Yor procescanbeviewedasageneralizatiomf theChinesaestauranprocess
[6]. AssumethatN customersentera restaurantvith in nitely mary tables,eachwith
in nite seatingcapacity Let z; denotethe table chosenby the ith customer The rst
customesitsatthe rst table,z; = 18Theith customeichoosesablek with probability

< n(Z i) a
Pzi=kjiz )=, w5 K K@D 2)
s R Db oKz )+l
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wherea andb arethe two parametersf the processandK (z ;) is the numberof tables
thatarecurrentlyoccupied.

The Pitman-Yor processsatis es our needfor a processhat producegpower-laws while
retainingexchangeability Equation2 is clearly a preferentialattachmenscheme.When



(@) Generator Adaptor (b) Generator Adaptor

Figurel: Graphicaimodelsshaving dependencieamongvariablesin (a) the simpletwo-
stagemodel,and(b) themorphologymodel.Shadingof thenodecontainingw re ects the
factthatthis variableis obsened. Dottedlinesdelimit the generatoandadaptor

a = Oandb > 0, it reducedo the standardChineserestauranprocesq12, 4] usedin
Dirichlet processmixture models[13]. When0 < a < 1, the numberof peopleseatecht
eachtablefollows a powerlaw distributionwith g = 1+ a [5]. It is straightforvardto
show thatthe customersareexchangeablethe probability of a partitionof customersnto
setsseatedatdifferenttablesis unafectedby theorderin whichthecustomersvereseated.

3 A two-stagelanguagemodel

We canusethe Pitman-Yor processasthe foundationfor a languagemodelthat generi-
cally producegower-law distributions.We will de ne atwo-stagenodelby extendingthe
restauranmetaphoiintroducedabove. Imaginethateachtablek is labelledwith aword "
from avocahulary of (possiblyunbounded¥izeW . The rst stageis to generateheseda-
bels,sampling x from a generatre modelfor wordsthatwe will referto asthegeneator.
For example,we could chooseto draw the labelsfrom a multinomial distribution . The
secondstageis to generatehe actualsequencef wordsitself. This is doneby allowing a
sequencef customerdo entertherestaurantEachcustomeichooses table,producinga
seatingarrangementz, andsaystheword usedto labelthatthetable,producingasequence
of words,w. Theprocessy which customershoosedables which we will referto asthe
adaptor, de nes a probability distribution over the sequenc®f wordsw producedby the
customersgdeterminingthe frequeng with which tokensof the differenttypesoccur The
statisticaldependencieamongthevariablesn onesuchmodelareshovn in Figurel (a).

Given the discussionin the previous section,the Pitman-Yor processs a naturalchoice
for anadaptor The resultis technicallya Pitman-Yor mixture model, with z; indicating
the “class” responsibleor generatinghe ith word, and "¢ determiningthe multinomial
distribution over words associatedvith classk, with P(w; = wjz = k; k) = 1if
"k = w, and0 otherwise.Underthis modelthe probabilitythattheith customemproduces
wordw givenprwiouslypro)c(jucxed/vordsw i andcurrentseatingarrangement ; is

Pwi=wjw i;z i, ) = P(wi=wjzi = k; «)PCkjw i;z i; )P(z = Kkjz i)
ko k
K& ) @)
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wherel () is anindicatorfunction, being1 whenits argumentis true and0 otherwise.If

is uniform over all W words, thenthe distribution over w reducego the Pitman-Yor
processasW ! 1 . Otherwisemultiple tablescanreceve the samelabel,increasinghe
frequeng of the correspondingvord andproducinga distributionwith g < 1+ a. Again,
it is straightforvardto shawv thatwordsareexchangeabl@nderthis distribution.



3.1 Typesandtokens

Theuseof the Pitman-Yor processsanadaptomprovidesajusti cation for therole of word

typesin formal analyse®f naturallanguage This canbe seenby consideringhe question
of how to estimatethe parameter®f the multinomial distribution usedasa generator .*

In generaltheparametersf generatorganbeestimatedusingMarkov chainMonte Carlo
methods,as we demonstratén Section4. In this section,we will shawv that estimation
schemedasedupontype andtoken frequenciesare specialcasesf our languagemodel,
correspondingp theextremevaluesof theparametea. Valuesof a betweernthesesxtremes
identify estimationmethodghatinterpolatebetweertypesandtokens.

Taking a multinomial distribution with parameters as a generatorand the Pitman-Yor
processasanadaptoythe probability of a sequencef wordsw given is

X (b K2)
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wherein thelastsumz and™ areconstrainecguchthat™,, = w; for alli. In thecasewhere
b= 0, thissimpli es to

(k 1)a+ b
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Thedistribution P (w j ) determinedow thedataw in uence estimatef , sowe will
considethow P (w j ) changesinderdifferentlimits of a.

In thelimit asa approacheg, estimationof is baseduponword tokens.Whena ! 1,
((fi ;;) is 1 for n{*) = 1 but approache$ for n*) > 1. Consequentlyall termsin the
sumover(z; ") goto zero,exceptthatin which every word token Iejasits own table.In this
caseK (z) = N and 'k = wg. It followsthatlimg 1 P(wj ) = Ezl wy - Any form of
estimatiorusingP (w j ) will thusbebaseduponthefrequencie®f wordtokensin w.

In thelimit asa approache$, estimationof is baseduponword types. The appearance
of ak (@ in Equation4 meanshatasa ! 0, thesumover z is dominatedby the seating
arrangementhatminimizesthetotal numberof tables.Undertheconstrainthat™;, = w;
for all i, this minimal con gurationis the onein which every word type recevesa single
table. Consequentlylim,, o P(wj ) is dominatedby atermin which thereis a single
instanceof , for eachwordw thatappearsn w.? Any form of estimatiorusingP (w j )
will thusbebaseduponasingleinstanceof eachwordtypein w.

3.2 Predictionsand smoothing

In additionto providing ajusti cation for therole of typesin formal analyse®f language
in generaluseof the Pitman-Yor processasanadaptorcanbeusedto explaintheassump-
tions behinda speci ¢ schemefor combiningtoken and type frequencies:KneserNey
smoothing. Smoothingmethodsare schemedor regularizing empirical estimatef the
probabilitiesof words,with the goal of improving the predictive performancesf language
models.The KneserNey smootherestimateghe probability of aword by combiningtype
andtokenfrequenciesandhasprovenparticularlyeffective for n-grammodelg[9, 10, 11].

!Undertheinterpretatiorof this modelasa Pitman-Yor processnixturemodel, this is analogous
to estimatingthe basemeasurés, in a Dirichlet processmixture model(e.g.[13]).

2DespitethefactthatP (w j ) approache8in thislimit, a% () will beconstanacrossall choices
of . Consequenthestimatiorschemeshatdependnly onthenon-constantermsin P (w j ), such
asmaximume-likelihoodor Bayesiarinferencewill remainwell de ned.



To usean n-gramlanguagemodel, we needto estimatethe probability distribution over
wordsgiventheir history, i.e. then precedingvords. Assumewe aregivena vectorof N
wordsw thatall shareacommonhistory, andwantto predictthenext word,wy +1 , thatwill
occurwith thathistory. Assumethatwe alsohave vectorsof wordsfrom H otherhistories,

P P
n™ (" > D)D , LW >D)D L T(w2w™)
N N T . nlw2w®)

w

P(wn+ = Wjw) =
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wherewe have suppressethe dependencenw® ;:::;w() | D is a “discountfactor”
speci edasaparametepf themodel,andthesumoverh includesw.

We cande ne atwo-stagemodelappropriatefor this settingby assuminghat the setsof
wordsfor all historiesareproducedby the sameadaptorandgeneratarUnderthis model,

theprobabilityof wordwy +1 givenw and is
X
PWn+ = wjw; )= P(Wn+ = wjw;z; )P(zjw; )
z

whereP (wn +1 = Wjw; z; ) is givenby Equation3. Assumingb = 0, thisbecomes
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whereE;[Ky(2)] = P , Kw(z)P(zjw; ), andK(z) is the numberof tableswith label
w underthe seatingassignmentz. The other historiesenterinto this expressionvia
Sincethe wordsassociatedvith eachhistory is assumedo be producedrom a singleset
of parameters, the maximum-likelihoodestimateof , will approach

P
pl(w2wm)
w  nlw2w®)

asa approache®), sinceonly a single instanceof eachword type in eachcontext will
contritute to the estimateof . Substitutingthis valueof , into Equation6 revealsthe
correspondenct® the KneserNey smootheEquation5). The only differenceis thatthe
constantiscountfactorD is replacedby aE, [K (z)], which will increaseslowly asny,
increases.This differencemight actuallyleadto animproved smoother:the KneserNey
smootheiseemso producebetterperformancevhenD increasegsafunctionof ny, [11].

PWy+ = Wjw; ) =

=P
w T

4 Typesand tokensin modeling morphology

Our attemptto develop statisticalmodelsof languagehat genericallyproducepower-law
distributionswas motivatedby the possibility that modelsthat accountfor this statistical
regularity might be ableto learnlinguistic informationbetterthanthosethatdo not. Our
two-stagelanguagemodelingframework allows us to createexactly thesesortsof mod-
els, with the generatoproducingindividual lexical items, andthe adaptorproducingthe
power-law distribution overwords. In this section we shav thattakinga generatie model
for morphologyas the generatorand varying the parameter®f the adaptorresultsin an
improvementin unsupervisedearningof the morphologicaktructureof English.

4.1 A generative modelfor morphology

Marny languagesontainwordsbuilt up of smallerunits of meaningor morphemesThese
units can containlexical information (as stems)or grammaticalinformation (asaf x es).
For example the Englishword walked canbe parsednto the stemwalk andthe past-tense
sufx ed Knowledgeof morphologicalstructureenabledanguagdearnergo understand
andproducenovel wordforms,andfacilitatestaskssuchasstemming(e.g.,[14]).



As a basicmodel of morphology we assumethat eachword consistsof a single stem
andsufx, andbelongsto somein ectional class. Eachclassis associatedvith a stem
distribution anda sufx distribution. We assumehat stemsandsufx esareindependent
giventheclass,sowe have

X
PCk=w)= l(w=tf)P(c = )Ptk = tjac = QP(fk = fjac=¢) (7)

ct;f

wherecy, tk, andfy arethe class,stem,andsufx associatedvith ", andt:f indicates
the concatenatiof t andf . In otherwords,we generatealabelby rst drawing aclass,
thendrawing a stemanda sufx conditionedon the class. Eachof thesedraws is from a
multinomialdistribution, andwe will assumehatthesemultinomialsarein turn generated
from symmetricDirichlet priors, with parameters, , and respectrely. The resulting
generatie modelcanbe usedasthe generatoin atwo-stagdanguagemodel,providing a
morestructuredeplacementor the multinomialdistribution, . As before we will usethe
Pitman-Yor processasan adaptoy settingb = 0. Figurel (b) illustratesthe dependencies
betweerthevariablesn this model.

Our morphologymodelis similar to thatusedby Goldsmithin his unsuperviseanorpho-
logical learningsystem[8], with two importantdifferences.First, Goldsmiths modelis

recursve, i.e. aword stemcanbe further split into a smallerstemplus sufx. Second,
Goldsmiths modelassumeshatall occurrencesf eachword typehave the sameanalysis,
whereaour modelallows differenttokensof the sametypeto have differentanalyses.

4.2 Inferenceby Gibbs sampling

Ourgoalin de ning this morphologymodelis to beableto automaticallyinfer themorpho-
logical structureof alanguageThis canbedoneusingGibbssampling a standardVarkov
chainMonteCarlo(MCMC) method15]. In MCMC, variablesn themodelarerepeatedly
sampledwith eachsampleconditionedon the currentvaluesof all othervariablesin the
model. This procesgle nes a Markov chainwhosestationarydistribution is the posterior
distribution over modelvariablesgiventheinput data.

Ratherthansamplingall the variablesin our two-stagemodelsimultaneouslyour Gibbs
samplerlternatedetweersamplingthevariablesn thegeneratoandthosein theadaptor
Fixing theassignmenof wordsto tableswe samplecy, tk, andf  for eachtablefrom

Pk =citk = t;fx=Tfjc it i;f ;)
I 1(Ck=tfk) P(ax=cjc k) Ptk =tjt x;c) P(fx=1jf ;c)

= 10k = tefe) Neg + Ngt + Ncs +
- kTR K@ 1+ C e+ T ne+ F

wheren. is the numberof otherlabelsassignedo classc, n¢; andn¢s arethe numberof

otherlabelsin classc with stemt andsufx f , respectiely,andC, T, andF, arethetotal

numberof possibleclassesstemsandsufx es,which are x ed. We usethe notationc

hereto indicateall membersf ¢ exceptfor ¢,. Equation8 is obtainedby integratingover
the multinomial distributions speci ed in Equation?, exploiting the conjugay between
multinomialandDirichlet distributions.

(8)

Fixing themorphologicaknalysiqc, t, f), we samplehetablez; for eachwordtokenfrom

ICe=w)(nd @) nf V>0

P(zi=kjz i;w;c;t;f)/
PCk=w)K(z da+b nZ =0

9)

whereP (" = wj;) is found using Equation7, with P (c), P(t), andP(f ) replacedwith
the correspondingonditionaldistributionsfrom Equation8.



a 1 b
GOl [T = (b)
0.8 [
M | == g
e ‘c 0.
o 05 [ 2
S 04 o i
- | — y
> 0.2 [ =
0.1 ]
- d 0 [ 1
(true dist) i . : e
- ing 0 0.2 0.4 06 0.8 1 NU. e ed ding s es n enoth.
Proportion of types with each suffix Found Types
-
1
0.8 (%)
© 07 S
[ | 38 2
3o =
[ | 582 3
o% £
th
|:|0 er (true dist)
0 0.2 0.4 0.6 0.8 1 NU.e ed ding s es n enoth.
Proportion of tokens with each suffix Found Tokens

Figure2: (a) Resultsfor themorphologymodel,varyinga. (b) Confusionmatricesfor the
morphologymodelwith a = 0. Theareaof asquareatlocation(i; j ) is proportionalto the
numberof word types(top) or tokens(bottom)with truesufx i andfoundsufx j.

4.3 Experiments

We appliedour modelto a datasetconsistingof all verbsin thetrainingsectionof the Penn
Wall StreetJournaltreebank.We choseto run on a single partof speechasa simpletest
casebecausdt makesthe resultseasyto analyze. The input corpuscontaineda total of
137,99 tokensbelongingto 7,761types.We determinedhetruesufx of eachwordusing
simpleheuristicsbasedn the part-of-speectagandspellingof theword.2 We couldthen
compareheresultsof our learningalgorithmto thetrue sufx esfoundin thecorpus.

As notedabove, the Gibbssamplerdoesnot corvergeto a singleanalysisof the data,but
ratherto a distribution over analysesFor evaluation,we useda single sampletaken after
1000iterations. Figure 2 (a) shaws the distribution of sufx esfound by the model for
variousvaluesof a, aswell asthe true distribution. We analyzedhe resultsin two ways:
by countingeachsufx oncefor eachword typeit wasassociateavith, andby counting
oncefor eachword token (thusgiving moreweightto theresultsfor frequentwords).

Themostsalientaspecbf ourresultsis that,regardlesof whethernwe evaluateon typesor
tokens,it is clearthatlow valuesof a arefar moreeffective for learningmorphologythan
highervalues. With highervaluesof a, the systemhastoo stronga preferencdor empty
sufx es.Thisobsenationseemdo supporthelinguists' view of type-basedeneralization.

It is alsoworth explainingwhy our morphologicalearner nds somary e andessufx es.
This problemis commonto othermorphologicalearningsystemswith similarmodels(e.qg.
[8]) andis dueto thespellingrulein Englishthatdeletestem- nal ebeforecertainsufx es.
Sincethe systemhasno knowledgeof spellingrules,it tendsto hypothesizeanalysesuch
asf stat.e stat.ing stat.ed,stat.eg, wherethe e andes sufx estake the placeof NULL
ands. This effectcanbe seenclearlyin the confusionmatricesshovn in Figure2 (b). The
remainingerrorsseerin theconfusionmatricesarethosewherethesystemhypothesize@n
emptysufx whenin factanon-emptysufx waspresent.Analysisof our resultsshoved

3The part-of-speechiagsdistinguishbetweerpasttense pastparticiple, progressie, 3rd person
presensingular andin niti ve/unmarlkedverbs,andthereforeroughly correlatewith actualsufx es.



thatthesecaseaveremostlywordswhereno otherform with the samestemwaspresentn
thecorpus.Therewasthereforeno reasorfor the systemto preferanon-emptysufx.

5 Conclusion

We have shawn thatstatisticallanguagemodelsthatexhibit oneof the moststriking prop-
ertiesof naturallanguages- power-law distributions— canbede ned by breakingthe pro-
cesf generatingvordsinto two stageswith ageneratoproducinga setof words,andan
adaptodeterminingheirfrequenciesOur morphologymodelandthe Pitman-Yor process
areparticularchoicedor ageneratoandanadaptor Thesechoicesproduceempiricaland
theoreticaresultsthatjustify therole of word typesin formal analyse®f naturallanguage.
However, the greatesstrengthof this framework lies in its generality: we anticipatethat
otherchoicesof generatorandadaptorwill yield similarly interestingresults.
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